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ABSTRACT
Let G  be a monoid with identity e , and let R  be a G -graded commutative ring.

Here we study the graded primary sub-modules of a graded R -module. While the bulk of
this work is devoted to investigate the graded primary avoidance theorem for modules.
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1. INTRODUCTION
The prime avoidance theorem for

modules has been introduced and studied by
Chin-Pi Lu in [2]. Here we study the graded
primary avoidance theorem for modules. A
number of results concerning the graded
primary avoidance theorem are given.

Before we state some results let us
introduce some notation and terminology.
Let G be an arbitrary monoid with identity.
A commutative ring R with non-zero identity
is G-graded if it has a direct sum
decomposition (as an additive group)

gG  g R   R ∈⊕=  such that eR  1∈  and for

all G h  g, ∈ , h ghg R  R R ⊆ . Let I  be an ideal

of  R. For Gg ∈ , let gg RII ∩= . Then I is a

graded ideal of R if gG  g I   I ∈⊕=  In this case Ig

is called the g-component of I for Gg ∈ .
If R is G-graded, then an R-module M is

said to be G-graded if it has a direct sum
decomposition gG  g M   M ∈⊕=  such that for all

Ghg ∈, , h ghg M  M R ⊆ . An element of some
Rg or Mg is said to be homogeneous element. A
submodule MN ⊆ , where M is G -graded,

is called G-graded R-submodule of M if
)M(N   N gG  g ∩⊕= ∈  or if, equivalently, N

is generated by homogeneous elements.
Moreover, M/N becomes a G-graded
module with g-component (M/N)g = (Mg+
N)/N. for Gg∈ . Clearly, 0 is a graded
submodule of  M . Also, we write

gGg RRh ∈∪=)(  and gGg MMh ∈∪=)( .
A graded ideal I of R is said to be graded prime
ideal if RI ≠ ; and whenever Iab∈ , we

have Ia∈  or Ib∈ , where Rba ∈, . The

graded radical of I, denoted by )(IGr , is the

set of all Rx∈  such that for each Gg∈

there exists 0>gn  with Ix gn
g ∈ . A graded

ideal I of  R is said to be graded primary ideal if
RI ≠ ; and whenever )(, Rhba ∈  with

Iab∈ , then Ia∈  or )(IGrb∈ . In this

case, PIGr =)(  is a graded prime ideal of
R, and we say that I is a graded P-primary
ideal of R. (see [7, Lemma 1.8] ).
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2. GRADED PRIMARY SUB-MODULES
The graded primary and primary

submodules are different concepts (see [7,
Example 1.6]). So we recall from [3, 4] the
definitions of  such submodules. Let R be a
G-graded ring, M a graded R-module, N a
graded R-submodule of M. N is a graded
prime submodule of M if Μ ≠Ν ; and
whenever h(R)  a ∈  and h(M)  m∈  with N  m a ∈ ,
then either N  m∈  or M) : (N  a R∈ . N Is a
graded primary submodule of M if M  N ≠ ;
and whenever h(R)  a ∈  and h(M)  m∈  with

N  m a ∈ , then either N  m∈  or M) : (N  a R
k ∈

for some K.
The following lemma is known, but we

write it here for the sake of  references.
Lemma 2.1  Let I, J be graded ideals of

a G-graded ring R, M a graded R-module
and N, K graded R-submodules of  M. The
following hold:

(i) (N:M, IJ, I+J and  are graded
ideals of R.

(ii) If h(R) r ∈  and h(M) x ∈ , then Rx, IN
and rN are graded submodules of M.

Lemma 2.2  Let R be a G-graded ring
and N, K, L graded R-submodules of  a
graded R-module M with . Then

K  N ⊆  or L  N ⊆ .
Proof. Suppose L K   N Υ⊆  but K  N ⊄

and L  N ⊄  Then there are homogenous
elements K - N  x g ∈  and L - N  yh ∈  so

N  y   xt hg ∈+= ;  hence either K t ∈  or L t ∈
which is a contradiction (since K, L are
graded). Thus K  N ⊆ , or L⊆ N .

Assume that R is a G-graded ring and let

n1 N ..., ,N N, be graded submodules of a
graded R-module M. We call a covering

efficient if no Nk is
superfluous. Analogously, we shall say that

 is an efficient union if
none of the Nk may be excluded. Any cover
or union consisting of submodules of  M can

be reduced to an efficient one, called an efficient
reduction, by deleting any unnecessary terms. A
covering of a graded submodule by two
graded submodules of a graded module is
never efficient by Lemma 2.2. Thus,

may possibly be an
efficient covering only when 2 n >  or 1 n =
[5].

Lemma 2.3. Assume that R is a G-
graded ring and let  be an
efficient union of graded submodules of a
graded R-module M for 1 n > . Then

 for all K.

Proof. It suffices to show that, say 1 k = ,

. Let m=mg1+...+mgs
 with

mgi 0 ≠  and let nh be a homogenous element
of  N- N j2j=∪ , so 1h N n ∈ ; hence  nΝ ..., ,Ν 2

graded gives m+nh  N - N j2j=∪∈ . It follows
that  1N  m∈  since N1 is graded, as needed.

Lemma 2.4. Let kIII ,...,, 1  be graded
ideals of a G-graded ring R with I graded
primary such that )(IGrIi ⊄ . Then

)(...1 IGrII k ⊄ .
Proof. Suppose not. By assumption,

there are homogenous elements
)(IGrIx igi

−∈ ( ki ,...,1= ) such that
)(...

21
IGrxxx

kggg ∈ , so )(IGr  graded
prime (see [4, Lemma 1.8]) gives

)(IGrx
jg
∈  for some j which is a

contradiction, as required.
Proposition 2.5. Assume that R is a G-

graded ring and let nNNN ∪∪⊆ ...1  be
an efficient covering consisting of graded
submodules of a graded R-module M. If

):():( MNGrMNGr kj ⊄ for every kj ≠ ,
then no Nk is a graded primary submodule
of M.

Proof. Since nNNN ∪∪⊆ ...1  is an
efficient covering, )(...)( 1 nNNNNN ∩∪∪∩=
is an efficient union. Hence, there exists a
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homogeneous element kk NNe −∈  for
every },...,2,1{ nj∈ . Moreover,

kkkJ NNNN ∩⊆∩∩ ≠ )(  by Lemma
2.4. If kj ≠ , then

):():( MNGrMNGr kj ⊄  so that there
exists a homogeneous element

):( MNGrx jgi
∈ , but

):( MNGrx kgi
∉ . Now, suppose that Nk

is a graded primary submodule. Then
):( MNk  is a graded primary ideal by [1,

Proposition 2.7], therefore, the homogeneous
element ):( MNGrxx jkj gh j

∈= ∏ ≠ ,
but ):( MNGrx kh =  by Lemma 2.5. Then
there exist positive integers nss ,...,1  with

):( 1
1

1
MNx s

g ∈ , ):( 2
2

2
MNx s

g ∈ , …. ,
):( MNx ng

ns

n
∈ . Let },....,max{ 1 nsss = .

Then ):( MNx j
s
h ∈  for every kj ≠  but

):( MNx k
s
h ∉ . Hence, jk

s
h NNex ∩∈

for every kj ≠ , but kk
s
h NNex ∩∉ , (if

kk
s
h NNex ∩∈ then kN  graded primary

gives ):( MNx kh ∈ ; hence this is a
contradiction to

kkkJ NNNN ∩⊆∩∩ ≠ )( , and the proof
is compele.

Theorem 2.6. [The Graded Primary
Avoidance Theorem] Let M be a graded

moddule over a G-graded ring R, nNN ,...,1

a finite number of graded submodules of M
and N a graded submodule of M such that

nNNN ∪∪⊆ ...1 . Assume that at most
two of  the Nk ’s are not graded primary, and
that ):():( MNGrMNGr kj ⊄  whenever

kj ≠ . Then kNN ⊆  for some k.
Proof  . We may assume that the covering

is efficient since the hypothesis remains valid
after reduction to an efficient covering. Then

2≠n . Also 2≤n  by Proposition 2.6. Hence
1=n .
Theorem 2.7 [The Graded Prime

Avoidance Theorem] Let M be a graded
moddule over a G-graded ring R, nNN ,...,1

a finite number of graded submodules of
M and N a graded submodule of M such
that nNNN ∪∪⊆ ...1 . Assume that at
most two of  the Nk ’s are not graded prime,
and that ):():( MNMN kj ⊄  whenever

kj ≠ . Then kNN ⊆  for some k.
Proof. By [1, Proposition 2.3], a graded

submodule of a graded module over a
G-graded ring R is prime if and only if it is
prime in the graded sense. Now the assertion
follows from [2, Theorem 2.3].

Theorem 2.8 [The Graded Primary
Avoidance Theorem] Let R a G-graded ring
R, nII ,...,1  a finite number of graded ideals
of R and I a graded ideal of R such that

nIII ∪∪⊆ ...1 . Assume that at most two
of  the Ik ’s are not graded primary, and that

)()( kj IGrIGr ⊄  whenever kj ≠ . Then

kII ⊆  for some k.
Proof .
This follows from Theorem 2.6.
Lemma 2.9
Assume that R is a G-graded ring and let

N,K  be graded submodules of a graded R-
module M with NK ⊆ . Then N is a graded
primary submodule of M if and only if
 is a graded primary submodule of M/K.

Proof. Let N be a graded primary
submodule of M and KNKmr hg /)( ∈+
with KNKmh /∉+ where )(Rhrg ∈  and
$ )(Mhmh ∈ . It follows that Nmr hg ∈
with Nmh ∉ , so hence N graded primary
gives NMr sg ⊆  for some s ; hence

KNKMr sg /)/( ⊆ . Thus M/K is graded
primary. The remaining implication is similar.

Theorem 2.10 Let N be a graded sub-
module of a graded module M over a G-
graded ring R . If the graded primary
avoidance theorem hold for M, then the
graded primary avoidance theorem holds for
M / N.

Proof. This follows from Lemma 2.9.
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