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ABSTRACT: Let G be a finite non-abelian metacyclic p-group where p is any prime. We compute the exact number of

conjugacy classes and the commutativity degree of GG. In particular, we describe the number of conjugacy classes both in

the split and non-split case.
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INTRODUCTION

We consider only finite groups. Recently many au-
thors have investigated the number k(G) of conjugacy
classes of a group GG. There are several papers on the
conjugacy classes of finite p-groups '=>. Many authors
obtained significant results but only on the lower and
upper bound of k(G). For instance, Sherman* proves
that if G is a finite nilpotent group of nilpotency
class m, then k(G) > m|G|"/™ — m + 1. Later
Huppert® proved that k(G) > logn for any nilpotent
group G of order n. On the other hand, Liebeck and
Pyber® found an upper bound for k(G) in terms of
an arbitrary constant. Lopeze’ shows that a maximal
abelian subgroup A of |A| = p® of a nilpotent group
G of |G| = p™ and |Z(G)| = p” satisfies an equality
of the form

P+ p e+ D™ — 1)

pmff)é

k(G) =

k(p* —1)(p— 1)

m—
p

+

where £ > 0. For k£ > 0 this formula provides an
upper bound by default but does not determine the
exact number of conjugacy classes of G.

A group G is called metacyclic if it contains a
normal cyclic subgroup N such that G/N is also
cyclic. Concerning these groups, in Ref. 8 it was
shown that if G is any finite split metacyclic p-group

for an odd prime p, that is, G = H x K for subgroups
H and K, and if |H| = p® and |K| = p®T#, then
there exist exactly

B+ -1
+4 (o + 1)
(r—1) ;p

conjugacy classes of subgroups of G.

The metacyclic p-groups of class 2 have been
classified in Ref. 9 where homological methods are
used. The case of p = 2 needs special attention
and was the subject of Ref. 10. Moreover, Beuerle !
classified the non-abelian metacyclic p-groups of class
at least 3 where p is any prime. He showed there are
four classes of such groups which have been called of
positive type. We use these classifications in order to
obtain the precise number of conjugacy classes of all
non-abelian metacyclic p-groups of class 2 and class
at least 3.

Each isomorphism class of metacyclic p-groups
can be represented by five parameters p, «, 5, &,
and . These parameters are used to measure the
order, centre and abelianness of the groups, and also
their nilpotency class, and whether the groups are
split extension or not. We also use the parameters
to compute the number of conjugacy classes of the
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groups. Let us first begin with the some notation. Let

G(p,a,B,e,7) =

(a,bla?” = 1,b1”/j =adP

where r = p®~7 4+ 1. We shorten the notation to

G(p) for G(p, o, 8,¢,~) and use the notation [b, a] =
bab~ta~! = aba~! for the commutator of b and a.

Theorem 1 '/ Let G be a non-abelian metacyclic
p-group of nilpotency class 2. Then

G~ (a,bla” =" =1,[a,b] =a?" ),
where o, B, v €N, a2 2vand g > ~v > 1.

Theorem 2 '/ Let p be an odd prime and G a meta-
cyclic p-group of nilpotency class at least 3. Then G is
isomorphic to exactly one group in the following list:

() G ~ (a,b]a?” = ¥ = 1,[b,a] = a®" "),
where a, 5,y €N, v —1 < a <2y andvy < 3;

(i) G ~ (a,bla?” = 1, o= "t [b,a] =
a?” "), where o, B, v, e €N,y —1 < a < 27,
vy< B anda < f+e.

Theorem 3 '/ Let G be a metacyclic 2-group of
nilpotency class at least 3. Then G is isomorphic to
exactly one group in the following list:

(i) G ~ (a,bla®” = b?" = 1,[b,a] = a*" ),
where o, B,y EN, 14+v < a<2vy,and B = ~;

(i) G ~ (a,bla® = 1,0 = a®" ", [b,a] =
a® 7", where o, B, v, e €N, 14+ < a < 27,
y< B, anda < B +e.

In this article we are going to compute the exact
number of conjugacy classes of metacyclic p-groups
which have been presented in Theorems 1, 2, and 3.
We will show in our main result (Theorem 4) that the
split and non-split metacyclic p-groups of class greater
than 2 and class exactly 2 have precisely

1 1 1
atp( - , - =
p (p'y + p'y+1 p2'y+1)

conjugacy classes.

We also investigate the commuting probability in
metacyclic p-groups, since conjugacy classes can be
used to find the commutativity degree of a group.
There are many papers on the lower and upper
bound of commutativity degree of some particular
groups 16, We recall that Gustafson introduced
Pr(G) = k(G)/|G| as the probability that a randomly
picked pair of elements of a group G are commuting.
Thus finding the commutativity degree of a group is
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the same of finding the number of conjugacy classes of
the group. It was noted in Ref. 16 that Pr(G) < 3 for
any non-abelian group G and equality holds exactly
when [G : Z(G)] = 4.

In Theorem 5 we will obtain the exact value
of Pr(G) for metacyclic p-groups (p is any prime)
which have been mentioned in Theorems 1, 2, and
3. Moreover, we show that the commutativity degree
of the groups of cases (1)-(5) which are given in
Theorem 4 are the same and equal to

1 1 1
pr | oprtl o 2l
PRELIMINARIES

This section contains some important results and other
preparatory material which will be used in our main
theorems. In the following lemma the centre and the
order of centre of a metacyclic p-group G are given.

Lemmal IfG = G(p,«, 8,¢,7), then
() |G| = p>*7;
(i) Z(G) = (a”",0"") and | Z(G)| = p*+F=27.,

Proof: (i) G = {(a)(b) and {a) N (b) = (a?" ") has
order p°, then the order of G is p®*#. Part (ii) is
a straightforward consequence of Proposition 4.10 in
Ref. 17. O
The following corollary is an immediate consequence
of Lemma 1, and also see Ref. 11.

Corollary 1 Let G be a group of type G(p, o, 3, &, 7).
If B+¢e < a, then G is isomorphic to a split metacyclic
p-group and in particular, G ~ G(p,a,(3,0,7).
Moreover, the class of G is greater than 2 if and only
if e < 27.

Lemma 2 Let o, 8, r, and € be integers with «, [
non-negative and let

a—e

G ~ (a,bla?” = prﬁ =a” a’=a")
be a metacyclic p-group, where r = p*~7 + 1. If
z,y € G withx = o'V and y = a°b', then the
Sfollowing hold in G:

(1) Ty = ai+sr’bj+t’.

(i) 2¥ = a*(=7" )+ i

(i) [, y] = @17 ) He( =),
Proof: This is straightforward. (|

~

Lemma3 If [b,a] = a*" ", r = 1+ p*7, and
¢ = p°l' such that ged(p,0') = 1, then r* — 1 =
p* Y (pk + 1), for some integers 6, V', k, v, and
a > 0.
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Proof: By a direct calculation we get,

L

rf—1=1+p*7) -1
¢
=3 (Ople = pr k- 0)
i=0
for some integers §, ¢/, k, where / = p°¢ and
ged(p, ¢') = 1. O
Lemmad4 Let G, = G(a,3,7) =~ {a,bla?”

8

W= 1,[ba] = a?" ") and G,_1 = G./{z),
where z = aP" . Then .7 € Gy-1\Z(G~_1) are
conjugate if and only if x, y € G, are conjugate.

Proof: Clearly, if z, y € G, are conjugate, then
their images in G,_1\Z(G-_1) are conjugate. Now
suppose that T, § are conjugate, i.e., § = 7 then
y~'29 € (z) and y~'29 = 2* for some £. If £ = 0,
the result is trivial. If £ £ 0 and 29 = yze, we show
that y and y2z* are conjugate. Suppose that y = a’b7,
w = a°bt, and y* = yz’. By Lemma 2, we have
qil=r)+s(r=1) — £ — p'° "¢ Therefore
i(1—rt) +s(r? —1)=p*~ ¢ (mod p®).

Now if 7/ # 1 (mod p®) and t = 0, then s(r/ — 1) =
p*~ 1 (mod p®). We can write 77 — 1 = pi'v
such that ged(p,v) = 1 and 5 < «a — 1. Thus
spi'v = pely (mod p®). It follows that s = fv~!
(mod p). Now if we let 7/ = 1 (mod p®), then
i(1 —rt) = p*~1¢ (mod p®). Suppose that i =
p%i’ and ged(p,i’) = 1. Using Lemma 3, we have
i'pPp It (pk+t') = p*~ 14 (mod p®), from which
it follows that

P T (pk +#) = p* N (mod p?),

where t = p”t’ such that ged(p,t') = 1. If 0 =
A+ 0 — 1, then we have ¢'(pk + t') = ¢ (mod p)
and hence ' = —i’~¢ (mod p). The proof is then
complete. ]

Lemma 5 Let G be a p-group with |G/Z(G)| = p?,
then k(G) = p~*(p? +p — 1)|Z(G)|.

Proof: Itis easy to see that if |G /Z(G)| = p* and g €
G\Z(G) then Co(g) = (Z(G).g) = Z(G){g) that
is |gG| = [G : Cq(g)] = p. Thus each conjugacy
classes of G which lies in G\Z(G) has order p and
so G\Z(G) has (|G| — |Z(G)|)/p conjugacy classes.
Hence G has (|G| — |Z(G)|)/p + |Z(G)| conjugacy
classes. |
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THE NUMBER OF CONJUGACY CLASSES OF
METACYCLIC p-GROUPS

Now we are in a position to prove our main theorem.
This theorem gives a formula for the exact number of
conjugacy classes of metacyclic p-groups of class 2
and class at least 3 in terms of «, 3, . By Corollary 1,
the group of part (1) in this theorem has class 2 since
a = 27, and the remaining parts have class at least 3
since o < 2.

Theorem 4 (Main Theorem) Let G be a non-abelian
metacyclic p-group, where p is any prime number. If
G is one of the groups in the following list:

(1) G ~ (a,bla?" = 7" = 1,[a,b] = a?" "),
where o, B, v €N, a 2 2y, and f > v > 1;
@G = (bl =" = 1[ba] = "),

where a, B, vEN, vy —1<a<2v,and 3 = ~;

3) G ~ (a,bla®" = b?’ = 1,[b,a] = a®" ),
where o, B, v €N, 1+ v < a <2y, andy < f3;

4 G ~ (a,bla?” = 1L’ = a?” " [b,a] =
alfkw>, where a, 5, v, e € N,y —1 < a < 27,
B>~ anda < B +e¢;

() G ~ (a,ba®” = 1,0’ = a®" ", [b,a] =
a® ), where o, B, v, e € N, 14+ < a < 2y,
v < B, and o < B + ¢, then
1 1 1 )

K(G) = ptP (;7 =

p2'y+1

Proof: We compute k(G) in the cases when G is split
and non-split separately, and we prove that k(G) for
both cases is the same.

Split case. Using Corollary 1 the groups of parts
(1)-(3) are split, since ¢ = 0. Based on Lemma 4
we compute the number of conjugacy classes of G
for the split case (2), and then the method of proof
can be applied to the other split cases. We denote the
split group (2) by showing G (p) = G(p, v, B,¢€,7).
Then by using Lemma 1, |G,(p)] = p**# and
|Z(G4(p))| = p*t#27. If z = a®" ', then z is a
central element of order p and we define the group
Gyo1 = G, /(2). If weleta = a(z) and b = b(2),
then |a| = p®~! and |b| = p®. Also we have
[b,a] = a" " (z) = (a{z))”" " =a”

_(a=1)=(v=1)
al .

o—y

Hence

G,_1 = (aba*" =" =1,[ba
C_lp(afl)f(wfl)>

= G’y—l(a_ 17677_ 1)
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Let ¢ : G, — G—_1 be the canonical homomorphism
which maps an element z € G, to z(z). By
using Lemma 4, there is a one-to-one correspondence
between the conjugacy classes of non-central elements
of G,_1 with conjugacy classes of G, which are
mapped by ¢ to non-central elements of G,_;. In
fact if we let Z(G,—_1) = K/(z), then two elements
z, y of G,\K are conjugate in G, if and only
if z(z), y(z), as elements of G,_1\Z(Gy_1) are
conjugate in G_;. Since G~_1\Z(G~_1) contains
k(Gy-1)—|Z(G~-1)| conjugacy classes, we conclude
that G,\K has k(Gy_1) — |Z(G,-1)| conjugacy
classes. We now consider conjugacy classes of G,
which lie in K. Clearly, Z(G,)/(z) € Z(Gy-1).
Thus Z(G—-1) contains |Z(G,)/(z)| = |Z(G,)|/p
elements which come from Z(G,). Now if g €
K\Z(G.,) then g(z) is a central element in G._1.
Hence ¢©> contains p elements and it is exactly the
set g(z). Thus each conjugacy class of G which
lies in K\ Z(G.,) maps to a central element of G-,_;

in Z(Gy-1) — Z(G,)/(z) and vice versa. Thus
K\Z(G.) contains exactly
2(Gy)| _ Z(G)
2(Gr) = =37 | =126 = [ 57
12(G)]

= 12(Gy-1)| = »

conjugacy classes. Finally, we know Z(G,) has
|Z(G.,)| conjugacy classes of G,. Therefore the con-
jugacy classes of G, is equal to the sum of conjugacy
classes of G\ K, K\Z(G), and Z(G,), that is

k(Gy) = (k(Gy—1) = 1Z(Gy-1)]) + (12(G-1)]
SN 4 26
= k(Gy1) + (1= 1/p)|Z(G)].
By using Lemma 1 and induction on vy, we have
k(Gy) = k(Gy-1) + (1= 1/p)|2(G,)]
= k(Gy2) + (1 = 1/p)|Z(Gy 1)
+ (1 =1/p)|Z(G,)|

= k(G1)
+ (1 =1/p)(1Z(G2)| + -+ |Z(G,)])-

We complete the proof by computing k(G1). It is
easy to see that |G1/Z(G1)| = p?, so according to
Lemma 5 we have

k(G1) = plZ(Gu)| + (1 = 1/p)|Z(Gh)-

www.scienceasia.org

ScienceAsia 38 (2012)
Therefore
k(Gy) = plZ(G1)]

1
n (1 - p) (1260 + - +12(G))

= pp Tt
+ <1 _ 1) (paJrﬂf"/fl 4. _~_pa+ﬂfva)
p
_ pa+5*’Y

n (1 _ ;) (P 2) (7 41 1)

e (1 _ 1) (°02) <7ﬂ1>

p p—1
pa—i-ﬁ—'y +pa+ﬁ—7—1 _ pa+ﬁ—2fy—1

o 1 1 1
7 (5 ).
as claimed.

Non-split case. Again by using Corollary 1 the
groups of parts (4) and (5) are non-split, since @ <
8 + . We will use the results of the split case
to find a similar formula for the exact number of
conjugacy classes of the non-split case. In this case,
we need to establish G, _; in terms of ¢, 3, €, and 7.
Also we may verify whether the central factor group
G1/Z(G1) is isomorphic to the group Z,, x Z,.

Let G,_y = G,/(2), where z = a?" ' is a
central element of order p. If @ = a(z) and b = b(z)
then |a| = p®~! and |b] = p®T°~1. Moreover,
o’ =ar" " =@ """ """ We also have

b.a) = (a()y" " =" =

Thus

Gy =(@ba” =1, =a*"""""" [b,a
_ ap<u71>7<v71>>
ad G'yfl(paa - 136a5 - 177 - 1),

and the situation is the same as the split cases. To find
out whether the group G1/Z(G1) ~ Z, x Z,, the
order of the central factor group G, /Z(G.,) should be
obtained when v = 1. By applying Lemma 1 in the
following central factor group we have

G1(p) p(a*(vfl))Jrﬁ
’Z(Gl(p)) ‘ - p(a—(’r—l))+5—2(’y—(’y—1))
pa+ﬂ—7+1

= parp——1 P
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Hence from this equality and by using a similar
method as in the proof of the split case, we obtain

k (G’Y<p’a765577)) :p|Z(G1)|

+(1-3) §|Z<Gi>|

— ppa+6—7—1

1\ < :
N (1 _ ) et
pP/=

pa-l-B—v + pa+ﬂ—7—1

—2y—1

_ pa+6 7=t

which completes our proof. |
As mentioned in the introduction, conjugacy

classes can be used to find the commutativity degree

of a group, so we arrive at the following result.

Theorem 5 Let G be a non-abelian metacyclic
p-group mentioned in Theorem 4. Then

1 1 1
A
Proof: Theorem 4 gives the exact number of con-
jugacy classes in metacyclic p-groups, where p is

any prime number. We then use Gustafson’s formula
Pr(G) = k(G)/|G| which yields

Pr(Q)

1 1 1
Pr) =5+ 5~ e
O
Remark 1 This theorem shows directly that

Pr(G) = 2, when p = 2 and v = 1. On the other

hand, it is easy to see that [G : Z(G)] = 2% = 4

when v = 1. Thus by using Ref. 16 we see again that

_5

We conclude this section with a direct conse-

quence of Theorem 4 and Theorem 5, given in the
following corollary.

Corollary 2 Let G be the quasi-dihedral group

QDoor1. Then Pr(G) = 3.

Proof: By taking 5 = v = 1 in Theorem 4-(3), we
have

-1

G(2,a,1,0,1) ~ (a,bla®” =b> =1,[b,a] = a®" ).

Thus the exact number of conjugacy classes of quasi-
dihedral group G is

3 1 _
k(G) = k(QDga+1) = 2a(§ - Z) =2% 4272,

and thus Pr(QDsa+1) = 3. O

117

REFERENCES

1. Brandl R, Verardi L (1993) Metacyclic p-groups and
their conjugacy classes of subgroups. Glasg Math J 35,
339-44.

2. Hethelyi L, Kulshammer B (2011) Characters, conju-
gacy classes and centrally large subgroups of p-groups
of small rank. J Algebra 340, 199-210.

3. Jaikin-Zapirain A (2003) On the number of conjugacy
classes in finite p-groups. J Lond Math Soc(2) 68,
699-711.

4. Sherman G (1979) A lower bound for the number of
conjugacy classes in a finite nilpotent group. Pac J
Math 80, 253-4.

5. Huppert B (1998) Character theory of finite groups. De
Gruyter, Berlin.

6. Leibeck MW, Payber L (1997) Upper bound for the
number of conjugacy classes of a finite group. J Alge-
bra 198, 538-42.

7. Lopez AV (1985) The number of conjugacy classes in
a finite nilpotent group. Rend Semin Mat Univ Padova
73, 209-16.

8. Sim H (1998) Conjugacy classes of subgroups of split
metacyclic groups of prime power order. Bull Korean
Math Soc 35, 719-26.

9. Bacon M, Kappe LC (1993) The nonabelian tensor
square of a 2-generator p-group of class 2. Arch Math
61, 508-16.

10. Kappe LC, Sarmin N, Visscher M (1999) Two-
generator 2-groups of class 2 and their nonabelian
tensor squares. Glasg Math J 41, 417-30.

11. Beuerle JR (2005) An elementary classification of finite
metacyclic p-groups of class at least three. Algebra
Collog 12, 553-62.

12. Doostie H, Maghasedi M (2008) Certain classes of
groups with commutativity degree d(G) < 3. Ars
Combin 89, 263-70.

13. Erfanian A, Rezaei R (2009) On the commutativity
degree of compact groups. Arch Math 93, 345-56.

14. Erfanian A, Russo FG (2008) Probability of mutu-
ally commuting n-tuples in some classes of compact
groups. Bull Iranian Math Soc 24, 27-37.

15. Erovenko IV, Sury B (2008) Commutativity degree
of wreath products of finite abelian groups. Bull Aust
Math Soc 77, 31-6.

16. Gustafson WH (1973) What is the probability that
two groups elements commute? Amer Math Mon 80,
1301-4.

17. King BW (1973) Presentation of metacyclic groups.
Bull Aust Math Soc 8, 103-31.

www.scienceasia.org


http://www.scienceasia.org/2012.html
http://dx.doi.org/10.1017/S0017089500009915
http://dx.doi.org/10.1017/S0017089500009915
http://dx.doi.org/10.1017/S0017089500009915
http://dx.doi.org/10.1016/j.jalgebra.2011.05.026
http://dx.doi.org/10.1016/j.jalgebra.2011.05.026
http://dx.doi.org/10.1016/j.jalgebra.2011.05.026
http://dx.doi.org/10.1112/S002461070300454X
http://dx.doi.org/10.1112/S002461070300454X
http://dx.doi.org/10.1112/S002461070300454X
http://dx.doi.org/10.1006/jabr.1997.7158
http://dx.doi.org/10.1006/jabr.1997.7158
http://dx.doi.org/10.1006/jabr.1997.7158
http://dx.doi.org/10.1017/S0017089599000014
http://dx.doi.org/10.1017/S0017089599000014
http://dx.doi.org/10.1017/S0017089599000014
http://dx.doi.org/10.1007/s00013-009-0041-4
http://dx.doi.org/10.1007/s00013-009-0041-4
http://dx.doi.org/10.1017/S0004972708000038
http://dx.doi.org/10.1017/S0004972708000038
http://dx.doi.org/10.1017/S0004972708000038
http://dx.doi.org/10.2307/2318778
http://dx.doi.org/10.2307/2318778
http://dx.doi.org/10.2307/2318778
http://dx.doi.org/10.1017/S0004972700045500
http://dx.doi.org/10.1017/S0004972700045500
www.scienceasia.org

