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ABSTRACT

Let p be a prime and G =<y, x |y2p'
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1 -1 . ST
=e,x" =e,x yx=y' > be a semi-direct

product B by A where B and A both cyclic groups of order 2”1 and p, respectively.
This paper discusses the periods of the k-nacci sequences and the generalized order-k Pell
sequences in the group G for r = 2 and p > 3.
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1. INTRODUCTION

As it is well-known Fibonacci numbers
and related numbers appear in modern
research in many fields from Nature and
Architecture to theoretical physics; see for
example, [3,6,7,14]. The study of Fibonacci
sequences in groups began with the earlier
work of Wall [17]. Knox examined the
k-nacci (k-step Fibonacci) sequences in the
finite groups [15]. Karaduman and Aydin
studied the periods of the 2-step general
Fibonacci sequences in dihedral groups D,
[11]. L and Wang contributed to study
of the Wall number for the k-step
Fibonacci sequence [16]. Kilic and Tasci
studied the k sequences of the generalized
order-k Pell numbers [13]. Deveci and
Karaduman studied the generalized order-
k Pell sequences modulo m and the
generalized order-k Pell sequences in a finite
groups and obtained the periods of the
generalized order-k Pell sequences in the

dihedral group D_[5]. The Pell sequence,
the generalized order-k Pell sequence and
their properties have been studied by
several authors; see for example, [2,8-10,
12].

Let f® denote the nth member of the
k-step Fibonacci sequence defined as

k
£0 = > fn(fj) forn >k (1)
=]
with boundary conditions f® = 0 for
1 <i<kand f® = 1. Reducing this
sequence by a modulus 7, we can get a
repeating sequence, which we denote by

f(k,m) — (fl(k,m), fz(k,m)’ _..’]Fn(k,m),"_)’
where /¢ = f® (mod ). We then have
that (£,&m, fEm,..., £Em) = (0,0, ... 0,1)

and it has the same recurrence relation as
in (1).
For more information see [16].
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Theorem 1.1 f(k, m) is a periodic sequence [16].

Let h (m) denote the smallest period of f(k, 772), called the period of f(k, 7.2) or the Wall
number of the k-step Fibonacci sequence modulo 7.

For more information see [16].

Definition 1.1 Let i, . (m)denote the smallest period of the integer-valued
r 2o k

recurrence relationu = u_ +u_ +-+ u

is reduced modulo 7 [4].

u =a,u,=a,, u = a when each entry

n—k>
Lemma 1.1 For a, a,,, a,_, b, b, -, b,_,, me[] with m > 0, a,, a,,;+, a,_, not all
congruent to zero modulo 7 and b, b, -+, b_, not all congruent to zero modulo m,

(m)zhk(bl, by hk)(m) [4].

h’k <“1‘ ay ey ak)

Definition 1.2 A k-nacci sequence in a finite group is a sequence of group elements
Xy X,y %, for which, given an initial (seed) set x,, -, X each element is defined by

X =

n

{xox, X, forj<n<k,

X, X, X, forn>k.

n—1

We also require that the initial elements of the sequence, x, -, x, |, generate the group,
thus forcing the k-nacci sequence to reflect the structure of the group. The k-nacci
sequence of a group generated by x, -, X, is denoted by F,, (G; x,, -, x]._l) [15].

It is well-known that a sequence of group elements is periodic if, after a certain point,
it consists only of repetitions of a fixed subsequence. The number of elements in the
repeating subsequence is the period of the sequence.

Theorem 1.2 A k-nacci sequence in finite group is simply periodic [15].
In [15], Knox had denoted the period of the sequence F,, (G x,, -+ x]._l) by P, (G; %+, xj_l).

In [13], Kilic and Tasci defined the k sequences of the generalized order-k Pell numbers
as follows:

form >0and 1<i<k

PiZZPr,i—l“'Rf—z"'”"*'Pni—k: )

n

with initial conditions

|1 ifn=1-i,

P = . forl-k<n<O0,
0 otherwise,

where P’ is the nth term of the ith sequence. If k = 2, the generalized order-k Pell

sequence, {P'}, is reduced to the usual Pell sequence, {P}.

When 7 = k in (1), we call Pn]e the generalized k- Pell number.

In [13], the generalized order-k Pell matrix R had been given as
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2 1 1]

0 0 O

R:[FiJ‘]kxk: 0 O 0
00 - 1 0]

Reducing the generalized order-k Pell sequence by a modulus 72, we can get a repeating
sequence, denoted by

kom | _ k,m k,m k,m k,m k,m k,m
{P }_{R_k 9P2_k5'”7p() 7R 9P2 ,“'QR, 5'“}9

where P*" = P (mod ). It has the same recurrence relation as in (2).
For more information see [5].

Theorem 1.3 {P""} is a periodic sequence [5].

Let the notation hP(m) denotes the smallest period of {P*"}, called the period of the
generalized order-k Pell sequence modulo 7. When k = 2, hP,(m) is the period of the
Pell sequence modulo m.

For more information see [5].

Definition 1.3 A generalized order-k Pell sequence in a finite group is a sequence of
group elements x,, x,,-+, x _,~- for which, given an initial (seed) set x,, ---, X0 each element

is defined by

{ x0x1~-~(xn_l)2 forj<n<k,
X, =
X

2
n—kXn—k+1""" ('xn_l ) for n > k.

It is require that the initial elements of the sequence, x,, X, generate the group, thus,
forcing the generalized order-k Pell sequence to reflect the structure of the group.
We denote the generalized order-k Pell sequence of a group G generated by x,, x. |
by 0., (G; x,, " xj_l). We call a generalized order-2 Pell sequence of group elements a Pell
sequence of a finite group [5].

Theorem 1.4 A generalized order-k Pell sequence in a finite group is periodic [5].
In [5], Deveci and Karaduman had denoted the period of the sequence Q, (G; x,, -, x, ,)
by PerQ, (G; x,, -, xjfl).

From the definitions it is clear that the periods of both the k-nacci sequence and the
generalized order-k Pell sequence in a group depend on the chosen generating set and

order in which the assignments of x, x,, x,,", X, , are made.

Lemma 1.2 Suppose that P, = <y |s> and P, = <x ‘ r> are presentations for the groups B

and A, respectively under the maps
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yi>k,eB and xt>a, 4.
Then we have a presentation

P=<y,x|s,r,t>,

for G = Bx, A, where t = {yX/l}:XlX_l ‘ yEY, X€E x} and 4 is a word on y representing
the element (k)6, of B(a€ A, k€ B,x€ x,y€ y[1].

Let B be a cyclic group of order 7 (n €[]) with a presentation P, = <y | y”>, and let 4

be a cyclic group of order p (p is a prime) with a presentation P, = <x | xP>. Then,

by Lemma 1.2, a presentation for G = B x, A is given by

P=<y,x|y"=e,xf’=e,x’1yx=yf>, €)
where
W (n) =1
i) (r—=1),nt)=t witht = (r — 1, n),
(ii1) * = 1 (mod nt) for r, t €[] [1].
Now let us take » = 2 and 7 = 2 — 1 in conditions (i), (i1) and (ii1). ( So that z = 1 in (i)
and (ii1)). Then, by substituting these values in (3), we get

P, = <y,x |y =g x? =6 x ' yx = y2>,

as a presentation for the group G [1].
This paper discusses the periods of the k-nacci sequences and the generalized order-k Pell
sequences in the group P, for » = 2 and p > 3.

2. The k-nacci Sequences in The Group P,

Lemma 2.1 Let ¢ €[] and P be a prime such that p > 3.

i. The elements (h,(p))th and +1)th of the 2-nacci sequences F,(2,; 3, x) and F,(P. ; x, )
are in the following forms, respectively:

a

X(p) = Vs Xy =XV
and

h(p) X, Yy =V

where a is an integer such that 0< a2 < 27 - 1.
Also, the elements (t.h,(p))th and (r.h,(p) + 1)th of the 2-nacci sequences F,(2,; , x) and

F,(P_; x, y) are as follows, respectively:

b
xhz(p) =Y, xh2(17)+1 =Xy
and

b
i) = 5 Xy = V>

where b is an integer such that ta = b (mod 27 - 1).
ii. The elements (&)th of the k-nacci sequences F(P._; 3, x) and F(P_; x, y) for all £.h, (p )~

G
(k-2) <a<th(p)+] are in the following forms, respectively:
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3

_ a _ a s LG _
Xn(p)--2) =V Xty TV X ()t TV X () TV Xy T
where a, a,,..., 4, are integers such that 0< 4, 4,,..., 4, < 2’ — 1 and

X =xy", x =yh
> iy (p) 24 > My (p)+l Yo

bk—l

b, _ b _
X (p)-(k-2) = 2 X (p)-(k-2)e1 =Y 5 X (o) =Y

where b, b,,..., b, are integers such that 0< b, b,,..., b, < 22 - 1.

Proof. We prove this by direct calculation. We first note that in the group defined by

2P

the presentation <y, x|yl =ex =¢xyx =19 >, |[y| = 21, |x| = p and yx = x)”.

i. If k =2, consider the recurrence relations defined by the following:
/, denote the nth member of the Fibonacci sequence
S, =1+ [, forn=3, where /=0, f,=1;
v, =2"y +v | for n>3,where v, =1, v, =0

and

u,=u, ,+u, forn>3, where u, =1, u, =0;

n—1

w,=2""w ,+w, for n>3, where w =0, w,=1.

Then the 2-nacci sequences F,(P,; y, x) and F,(P,; x, y) are in the following forms,
respectively:

— Tl yvhzmn Tn(pya | Vin(p)2

%:%%:%%=W=W%%%M) Xy =X T
X)) = et yeneon Xontor) = S Jiemin ylemene
and
Xo =060 =P, Xy =X, e, X ) =X T ) xR
x([‘ () = o i) yw('-hz(ﬂ))” , x(t.hz(p)ﬂ) = x h()2 yW(/.hz(p)w e,

using Lemma 1.1 the elements (hz(p))th and (hz(p)+1)th of the 2-nacci sequences
F,(P,; y, x) and F,(P_; x, ) are obtanied as follows, respectively:

a

Xn(p) =V Xn(pyn =X
and

Tn(p) = x°, Xy(p)yr1 =

1 1 = p —_— = p —_—
where a is an integer such that Vi oz = a(mod 2" -1) and Wy et = a(mod 2" -1).

Also, it is easy to see from Lemma 1.1 that the elements (t.h,(p))th and (£.h,(p)+1)th of
the 2-nacci sequences F,(P.; y, x) and F,(P,; x, y) are as follows, respectively:
i) = V> Fiy(ppn =

and

X =W Xy =D
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If ta = b (mod 27 — 1), we get the elements (t.2,(p))th and (t.h,(p)+1)th of the 2-nacci
sequences F,(P_; y, x) and F,(P_; x, y), respectively

Yn(p) = xyb > ()1 =V

and
b

Y(p) =V X(pyn =X -

ii. If k > 3, consider the recurrence relations defined by the following:

u =u_ +u +,tu_forn>k+1, whereu, = 0, u, = 1and u, =23 for 3<:1<k
n n—k n—(k-1) n—1 1 2 i

and

A VA R ST S for n > k+1, where v, = 1, v, = Oand #, =27 for 3<i <k
Then the k-nacci sequences F,(P,; y, x) and F,(P,; x, y) are in the following forms,
respectively:

2 2.6 k=2
Xog =V Xi =X, X =YVX=XY , X3 =X ) , ", X, =X y P
Hey(p)(k2)41 @ X
th(p))-(k-2) > Mty (p))-(k—2)+1

I (Y0 _ (/hk 2 e

x(t.hk(p)) =X Yoo x(l.hk(p))ﬂ - Yo ’

(r.hk( p))-(k-2)+2 _ a,

x( =y =X y IR

: »
where 3, a,, a a, are integers such that 0< B, 4, a,,..., 4, <2"~1 and

SIRRLY) SXRRLS)

_ _ _ 2.3 2k
Xog =X, X, =V, X, =XV, Xy =X Y, 000, X, =X Y,y

Yehi(p))-(k-2)+2 _ by

Veh(p))-(k-2)+1 by _ 2
kP 1 =X y FEREN

Mem(p)-(6-2) = » Mo (p)-(k-2)41

() by

, .X( Yem(p))2 | by

Mempy) =X () =Y Yo

where A, b, b,,..., b, are integers such that 0< A4, b, b,,..., b, <2"-1.

12 2% b 1) 230 k

Using Lemma 1.1 the elements (& )th of the k-nacci sequences F (P.; y, x) and F,(P,; x, y)

G
forall z.h (p )- (k—2) < o< t.h (p)+]1 are obtained as follows respectively:

a

X(,,hk(p))_(k_z) = y 1 ) x(f~hk(p))—(k—2)+l = y 2 SRR x(f.hk(p)) = y k=1 R x(t_hk(p))+1 = xy RN
and
X =h X, =2 . X :bu X — oo
(eh(p)(k-2) =Y X)) (-2p T K () T Mo T

Lemma 2.1 gives immediately

Theorem 2.1 Let p be a prime such that p > 3.

i. If the elements (h,(p))th and (h,(p)+ 1)th of the 2-nacci sequence F(P_;y, x) are X, =
y and x, o1 = XY respectively, then P (P , x) and P(P,; x, ) = n.h, (p), where 1 is
the last natural number such that 1.z = (mod 20 -1).

ii. The k-nacci sequences F (P, ; y, x) and F(P,; x, y) are from layers of length & (p).
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3. The Generalized order-k Pell Sequences in The Group P,
Definition 3.1 Let th(% i
recurrence relation # = 2u_ +u_,+..+u
entry is reduced modulo m.

\(m) denotes the smallest period of the integer-valued

Uy =dg, Uy= dyyeeey U

o Uy = a,_, when each

k=1

Lemma 3.1 For a, a,, a,_, b, b, b_,, me[] with m>0, a, a,,-, a,_, not all

congruent to zero modulo 72 and b, b,,--., b,_, not all congruent to zero modulo 7,

Proof. Let §, = {(50, Spees $,,) |0 <5, < m~1}. Then we have |S,| = m" being finite, that is
there are m* k-tuples of the elements of §*. Thus, we have the integers / and ¢ such that
0</<m*0<t<k-1and

Xo = Qos Xy =05 X =gy Xy, = b

00 Xy o by X pns = pore

SO’ we get th(aO, Aeees g
It is easy to see that £, = D, for P= 2. For the generalized order-k Pell sequences in the
dihedral group D, see [5].

Lemma 3.2 Let t€[] and p be a prime such that p > 3.
i. The elements (hPQ( p ))th and (hPZ( p )+1)th of the Pell sequences Q,(P; v, x) and
Q,(R; x, y) are in the following forms, respectively:

thz(m = thz(p) 1=
and

thZ(p) = X5 thZ(p) =Y
where c is an integer such that 0 < ¢ < 27 -1.
Also, the elements (t.th (p ))th and (t.hP2 (p)+ 1)th of the Pell sequences Q, (P v, x) and
Q, (25 x, y) are as follows, respectively:

xtAth(p) =) xt.th(p)+l =Xy
and

— d —
xl.th(p) =Xy xt‘hP2(p)+1 =Y

where d is an integer such that tc = d (mod 2” -1).

ii. The elements (a)th of the generalized order-k Pell sequences Q, (P; v, x) and
Q, (B; x, y) for all £.hP, (p)—(k — 2) < oo < t.hP, (p)+1 are in the following forms,
respectively:

c
=yl
xt.th (P)-(k-2) Yo xtth (Pp)-(k-2)+1

c

= k2 = k-1
t./lPk (-1 y 4 xtth ») y » X

= V2 X = k
Yo LhPy (p)+1 XY

. »
where ¢, c,,..., ¢ _are integers such that 0 < ¢, ¢, -, ¢, < 2" ~1 and

d
= 1
Kenpg o-t=2) = Y 5 Xunp, pr-e2) 1

where d,, d, .., d, are integers such that 0<d , d, ..., d, < 2’ 1.

dk-2 dk-1 _ %

d
= 2.... = = =
Y s xtAth (p)-1 y 4 xr.th ») Xy 4 xrAth (p)+1 Yo
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Proof. i. If k = 2, consider the recurrence relations defined by the following:
P denote the nth member of the Pell sequence

P ., =2P+P_ forn>2 whereR=0,P=1;

n+

P
_ n+1
v = (2 Vot

n—. 1

P
). 27+vy  forn>2, wherev,=1,v, =0

and
u =P forn=>1, where u = 1;
n n—-1 0

). 27+ w_ for n =2, where w, = 0, w, = 1.

_ (»"n—1
Wn - (2 : Wn—2 Tw 1

n—1

Then the Pell sequences Q, (2,7, x) and Q, (P; x,) are in the following forms, respectively:

P v P v
= — = 2 — 2,4 . — hPy(p )~y hP5(p) — hP,(p )+1 , hP,(p )+1 .
xo .y’ xl x) xz yx xy b ’thz(p) X 2 y 2 ’xhpz(p)-H X 2 y 2 b b
P v P v
— thP,(p )Ny thP(p) — thPy(p )+1 §, thPy(p )+1
xt.hP2(p)_ X 2EY TR xt.th (p)+1— X : y 2 2"t
and
— — — vy2 — — MhP(p) ) hPS(p) — hP(p)+1 L hP(p )+l
Xo= 0 X=X X, =YX =, thz(p)—x 2Py ,xhpz(p)ﬂ—x 2Py 1 e
— MhP(p) " EhP(p) — LhPy(p )y+1 |, LhPy( p )+1
xr.th(p )y A2 y 270 xt.th (p)+1 — X2 y : "t

Using Lemma 3.1 the elements (hP,(p))th and (hP,(p)+1)th of the Pell sequences
Q,( 2,59 x) and Q,( R,; x, y) are obtained as follows, respectively:

C

Tney (p) = Yo Xupy (ot =Y
and

Xy p) XY Xy =Y
= ¢(mod 27 — 1) and Wiip)= c(mod 27 - 1).

Also, it is easy to see from Lemma 3.1 that the elements (t.hf;( p ))th and (t.hfz’( p)+1)th
of the Pell sequences Q,( £,;, x) and Q,( 2,; x, y) are as follows, respectively:

where ¢ is an integer such that Vi (pye1

xr.th(p) =Y, xt.l1P2(p)+l =Xy

and

— l.c
'xt.hPQ(p)_ XY, X

If 7.c =d(mod 2” — 1), we get the elements (t.hlg( p )) th and (t.bfz’( p)+ 1) th of the Pell
sequences Q,(P.;y, x) and Q,( P.; x, y), respectively

Lhpyp+1 = Y-

— vd —
xath(p)_xy ’ xt.hPQ(p)+1_y

and

— — vd
thPz(p ) Y xt.th(p ol Xy~

ii. If &£ > 3, consider the recurrence relations defined by the following:
u=2u +u _ +.+u fornlk, whereu =0, u =1 and
n n-1 n-2 n-k . 0 1
u=2u_ +u _ +o.t+ufor2<j<k-1
ji j-1 j-2 0
and
v=2v +v +..+v forn>k wherev. =1,v =0 and
n n—1 n—2 n—k 0 1

v,=2v  tv et vofor2<;<k-1.
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Then the generalized order-k Pell sequences Q ( 2,; y, x) and Q ( 2,; x, y) are in the
following forms, respectively:

— _ — 42,4 _ 154,52 _ M
Xg= X =X X, =X) 5, X=X Y7 e X = XY ey

“LhP(p )—k+2 1 =y

u, C
_ WPy p )~k +3 1,02
=X = 3

Yo thPy (p)-k+3

=x Y2

X
thPy (p)—k+2

c
k
y geeey

_ x”t.hpk( P) “LhP(p)+1

k-1 —
thPk(p) y ’ xnth(p)H =X

where u, ¢, c,,..., ¢_are integers such that 0 < u, ¢, ¢,,--, ¢, <27 -1 and
- — - 2 — 34,10 — kN
XO—X,Xl—y,xz—xy >x3_xy s"‘sxk_x )7>---,

dz_

v v
= thB(p k2 = xRk 2

1
xt.th(p )k+2 Yo xr‘hpk (p)k+3

v d v d,
- xtAth(p)y k-1 X = xtAth(p)+1 y k,_“

> P (p)+1 ’

Yinb (p)

where 1, d,, d,,..., d_are integers such that 0< n,d,, d,,..., d <27 1.

120 Yoo 10 Yot
Using Lemma 3.1 the elements («) th of generalized order-k Pell sequences Q, (2.; v, x)
and Q, (P x,y) forall thP (p) — (k- 2) < a<thP (p) + 1 are obtained as follows,
respectively:

X = ‘1 X = 2 el X = k-1 X =xck vee
thPy (p)—k+2 Yo thPy (p)—k+3 BARERR thP (p) Yoo thPy (p)+1 Y e

and

-1

d d d
| _ R _ _ %
szth(p)fku =V szth(p>fk+3 =V xIJlPk(p) =xXyro, xt.th(p)+1 =V e

Lemma 3.2 gives immediately

Theorem 2.1. Let p be a prime such that p > 3.

i. If the elements (hp,(p))th and (hp,(p)+1)th of the Pell sequence Q,(B,; y, x) are
Xop =Y and x,, a1 = X respectively, then PerQZ(I%; y,X) = PerQ2 (B; x,y) = o.h, (p),
where o is the last natural number such that c.c= 0 (mod 2" - 1).

ii. The generalized order-k Pell sequences Q, (P,; y, x) and Q, (R.; x, y) are form layers of
length RP, (p).
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