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It iswell-known that solutesin liquid-filled pores of molecular dimensions have reduced diffusivities and are
sieved during filtration. For solute molecules that are large enough to act as hydrodynamic particles, these
phenomena can be explained by a combination of particle—wall hydrodynamic interactions and steric
restrictions. Theoretical expressions that include those effects have been available for many years, but, even
for spheresin pores of constant cross-section, certain hydrodynamic information has been lacking until recently.
In particular, the local enhanced drag and local lag coefficient for off-axis positions had not been fully
characterized, requiring that results for symmetrically positioned particles (“centerline approximations’) be
employed in predicting diffusional and convective hindrances. In this paper the current status of hindered
transport theory is reviewed for neutral spheresin long cylindrical pores or dlits, and it is shown that such
approximations are no longer necessary. New expressions are presented for diffusive and convective hindrance
factors that are properly averaged over the pore cross-section. The root-mean-square errors in the centerline
approximations are 19% and 6%, respectively, for diffusive and convective hindrance factors in cylindrical
pores; for dlit pores the corresponding errors are 25% and 10%. Comparisons are made between the predictions

and recent data obtained by tracking particle positions in microchannels.

Introduction

A solute molecule that is at least several times larger than a
solvent molecule can be viewed as a Brownian particle that
experiences a hydrodynamic resistance to its motion. As derived
by Einstein in 1905, the diffusivity of such a molecule in an
unbounded liquid equals the thermal fluctuation energy divided
by the drag coefficient.! For a spherical solute, the result is the
Stokes—Einstein equation. In pores of molecular dimensions,
the diffusivity of the solute is reduced and the solute is sieved
during filtration. These hindrances to diffusion and convection
are attributable to a combination of particle—wall hydrodynamic
interactions and steric restrictions. The hydrodynamic interac-
tions depend on how close the particle is to the wall, and they
are therefore affected by any force that influences its position.
Even if long-range (e.g., van der Waals or electrostatic) forces
are negligible, the finite size of the solute restricts its access to
the region near the wall and therefore affects its flux.

As reviewed in Deen,2 the pioneering developments in
hindered transport theory in the early 1950s were motivated by
a desire to understand the effects of molecular size on mi-
crovascular permeability. Other applications to biological and
synthetic membranes followed, as did experimental tests using
track—etch membranes with uniform pores of known size.
Theoriesaimed at predicting hindered transport coefficients from
the size, shape, and electrical charge of solutes and pores had
undergone several refinements by the time of that review. A
continuing interest in hindered transport theory is evidenced by
more recent studies of drug delivery through skin,3 protein
diffusion in cellular microtubules,* the selectivity of asymmetric
ultrafiltration membranes,® and on-chip hydrodynamic chroma-
tography,® to cite afew examples. Because the aforementioned
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review is nearly 20 years old, and because subsequent results
permit improved predictions of diffusive and convective hin-
drance factors, an update of the theory is timely.

In this paper we focus on the most basic situation, involving
uncharged, spherical particles in long pores of uniform cross-
section. Results will be presented for both cylindrical and dlit
pores (parallel-plate channels). First, the diffusive and convective
hindrance factors that appear in either local or macroscopic flux
expressions will be defined. Then, available numerical and
analytical results for the required hydrodynamic coefficients will
be discussed and new correlations for the hindrance factors
presented. Finally, comparisons will be made between the
updated theory and recent experimental data.

Hindrance Factor Definitions for Local Fluxes

As aready indicated, the linear dimensions of the solute
molecule are assumed here to be much greater than those of
the solvent. Accordingly, the solute is treated as a particle and
the solvent as a continuum. The small length and velocity scales
ensure Reynolds numbers small enough to make Stokes
equation applicable. The pore length is assumed to be much
larger than its diameter or width, which has three main
consequences. Firgt, the solute particles will have time to sample
all cross-sectional positions many times during passage through
apore. If there is an imposed bulk flow, this requires also that
the Peclet number based on the pore radius or haf-width be
small.” Second, the flow (if any) will be fully developed, and
end effects on the velocity profile will be negligible. Third, the
mass transfer resistances at the pore ends will be negligible,
allowing internal and external solute concentrations to be related
by an equilibrium partition coefficient. For membrane applica-
tions, Taylor dispersion is negligible.?2 The version of the theory
discussed here is restricted to dilute solutions and to situations
where long-range forces are negligible. Thus, solute—solute
interactions are absent and all coefficients are concentration-
independent. See Deen? for a discussion of charge and concen-
tration effects.
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Figure 1. Spherical solute of radius a in a pore of molecular dimensions.
For a cylindrical pore, b is the radius, for a dit, b is the haf-width. The
relative solute size is A = a/b.

The coordinates and geometric quantities are defined in Figure
1. The solute radiusis a, and the pore radius or half-width is b.
The key parameter is the relative solute size, A = a/b. The pore
extends from z= 0 to z = L, and the dimensionless coordinate
normal to its axis (scaled by b) is denoted as 5. For cylindrical
pores, 0 < B < 1; for dlit pores, —1 < 8 < 1, but only non-
negative values need be considered because of the symmetry.

With these assumptions, the axial component of the solute
flux can be written as

d
N =KD+ ko) ®

where N isthe flux, C isthe concentration, V is the unperturbed
(parabolic) fluid velocity, and the angle brackets indicate
averages over the pore cross-section. The diffusivity in an
unbounded solution is D.., and K4 and K. are local hindrance
factors for diffusion and convection, respectively. For either pore
shape, Kq declines monotonically as A increases; diffusion is
not hindered in large pores (Kq — 1 for A — 0), but vanishes
for tightly fitting solutes (Kq — 0 for A — 1). The behavior of
K¢ is more complicated. Although K, — 1 for 4 — 0, whether
K¢ vanishes for A — 1 depends on the pore shape, as will be
explained later. Also, K(4) is not monotonic, but first increases
with 4 and then decreases. For intermediate A, where K. > 1,
the dominant effect is steric exclusion from the wall region,
which prevents the particles from sampling the most slowly
moving fluid. (The size-dependent increase in K. is the basis
for hydrodynamic chromatography.)

For spheres in cylindrical pores, the hindrance factors are
related to the relevant hydrodynamic coefficients by
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where K is the enhanced drag (drag coefficient relative to that
in an unbounded fluid) and G is the lag coefficient (velocity of
the particle relative to the unperturbed velocity evaluated at the
particle center). For spheres in dit pores, the analogous
expressions are

1 g
“D=a=5h kep

i AR ©

(4)

KA) =

Details of the averaging that leads to egs 1—5 can be found in
Deen.?

In either geometry, the evaluation of the enhanced drag and
lag coefficient is facilitated by the existence of a symmetric 3
x 3 matrix that relates the drag, torque, and excess pressure
drop to the tranglational velocity of the sphere, the angular
velocity of the sphere, and the mean fluid velocity.8 The
enhanced drag can be obtained by calculating the force and
torque on a sphere in two situations with no mean flow: (i) a
nonrotating sphere trandlating parallel to the pore axis at a given
velocity and (ii) a stationary sphere rotating at a given angular
velocity. Such results yield the coefficients that relate the force
and torque to the trandational and angular velocities, and thereby
alow calculation of the drag on a freely rotating (torque-free)
sphere, as desired. The lag coefficient can be obtained by
computing the force, torque, and excess pressure drop for (i),
(i), and an additional case: (iii) Poiseuilleflow at agiven mean
velocity past a stationary sphere. What is sought in this case is
the velocity of afreely suspended (force- and torque-free) sphere
relative to the unperturbed Poiseuille flow. Of importance, K
and G are local quantities that depend on the position of the
particle center (8), aswell as particle size (1). For symmetrically
positioned spheres (5 = 0), the torque and angular velocity are
each identically zero and the calculations are simplified; the
drag coefficient is obtained directly from the force for case (i),
and the lag coefficient equals the force for case (iii) divided by
that for case (i). Also, for § = 0 in cylindrical channels, the
problem is two-dimensional (axisymmetric) rather than three-
dimensional.

Hindrance Factor Definitions for Overall Fluxes

In membrane processes or other applications where it is
desired to relate a steady or pseudo-steady flux to the external
concentrations, a macroscopic flux expression is more useful
than the local one given by eq 1. Assuming constancy of (N),
asin a steady state without chemical reactions, integration of
eq 1 gives
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where Cy and C are the external solute concentrations at z =
0 and z = L, respectively, and @ is the equilibrium partition
coefficient. The partition coefficient is the cross-sectional
average concentration at either pore end divided by the adjacent
external concentration. The membrane Peclet number that
appearsineq 6 is

DKLV)L
Pe= BKD. (7

The common factor @ in the numerator and denominator has
been retained for reasons given below. When the downstream
concentration is determined entirely by the transmembrane
fluxes (as is often the case in ultrafiltration), C. = (N)/V) and
eq 6 is replaced by

DKAV)C,
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Inspection of eqs 6—8 reveals that transmembrane fluxes
written in terms of externa concentrations depend only on the
products, @Ky and ®K¢, and not the three individual quantities
involved. Accordingly, we define
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where H and W are overall hindrance factors for diffusion and
convection, respectively. For purely steric interactions between
a sphere and a cylindrical pore, the equilibrium partition
coefficient is given by?°

D(2) = (1—2)° (11)
For a sphere in a dlit pore, the analogous expression is
PA)=(1—-1) (12

In either case, @ is equivaent to the fraction of the cross-
sectional area of the pore that is accessible to the sphere center.
Results for H or W are obtained by multiplying the expressions
for Kq or K¢ given earlier by the appropriate expression for @.
In summary, Kq and K. are the hindrance factors needed to
calculate fluxes from local intrapore concentrations, and H and
W are the ones needed for use with external concentrations. Most
of the results to be presented are for H and W, but they are
readily converted to Kq and K. using eqs 9—12, if desired.

Hydrodynamic Results and Hindrance Factor
Correlations

Equations 2—5 have been known for many years, and the
limiting factor in calculating the hindrance factors has been
obtaining values of K and G for sufficient ranges of 1 and f3.
Results for symmetrically positioned spheres have been more
available than ones for off-axis positions, so that it has been
common to employ centerline approximations in which the local
enhanced drag and local lag coefficient are replaced by K(4, 0)
and G(4, 0), respectively.2 In this section, numerical and
analytical results for the hindrance factors are presented for
cylindrical pores and then dlit pores. For each pore shape, we
begin with a brief review of centerline approximations and then
move to more recent work that employs off-axis results.
Correlations are provided that represent the properly averaged
hindrance factors, first for diffusion and then for convection.

Cylindrical Pores. A. Centerline Approximations. The
pioneering estimates of H(4), involving a centerline approxima-
tion and contributions to Ky up to order A, were those of
Pappenheimer et al.1° Using centerline drag coefficients from
Lane,! Renkin'2 obtained

H(A) = (1 — 2)%(1 — 2.1044 + 2.092% — 0.951°) (13)

This much-quoted result, called the Renkin equation, is restricted
tol = 04.

Haberman and Sayre,'® Wang and Skalak,'* and Paine and
Scherr’® al provided numerical results in tabular form that
improved centerline estimates of K and G. Bean,® who was
the first to recognize the need for the lag coefficient, calculated
K and G up to termsinvolving A1°. Bungay and Brenner, using
asymptotic matching, obtained results for K and G that were
reported to have better than 1% accuracy for 0 < A < 1. Their
expressions, which involve a total of 14 coefficients, are
summarized also in Deen?. Several subsequent studies have
confirmed the accuracy of their results. Bowen and Sharifl?
calculated both K and G using finite elements. Their results led
to expressions provided by Bowen et a.,8 which are simpler
than those of Bungay and Brenner® but valid only for 4 < 0.8.
Feng and Michaelides!® calculated K using the Lattice—
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Boltzmann method, and Ben Rishou et al.?° used conformal
mapping and finite differences to obtain K and G. Their results
are graphically indistinguishable from those of Bungay and
Brenner.8

B. Cross-Sectional Averaging for Diffusion. Thefirst results
that included the radial dependence of the enhanced drag were
valid only for limited ranges of particle size. Brenner and
Gaydos,” employing singular perturbation and asymptotic
matching, derived an analytical expression for H for 1 — 0 that
included terms up to o(4). Nitsche and Balgi?! extended that
result up to o(4?), obtaining

HRA) =1+ 2,1 InA — 15394 + 1.24% + o(A?) (14)

Mavrovouniotis and Brenner?? used asymptotic matching to
evauate Kq for A — 1. In terms of H, their result is

HQR) = (1— /1)2{0.984(1;—’1)5/2 + o[(l%’lﬂ} (15)

Off-axis hydrodynamic results for awide range of solute sizes
were provided finally by Higdon and Muldowney, who used
a boundary element method to evaluate K(4, ) for 4 = 0.05,
0.1, 0.2, ..., 0.9. For each value of 4, the results for K were
expressed as continuous functions of /3. From those results, we
evaluated the integral in eq 2 to obtain Kyand H for 0 < 4 <
0.9. Those data were supplemented by using eq 15 to evaluate
H(0.95). A least-squares fit to the full set of H values for 0 <
A = 0.95 (minimizing relative errors) yielded

H) =1+ g/l InA — 1.560341 + 0.5281551° +

1.915212° — 2.819031* + 0.2707881° + 1.101154° —
0.4359331" (16)

Whereas the logarithmic term was retained as is from eq 14,
the coefficients of 1 and 42 were modified to optimize the overall
fit. Equation 16 represents the results from Higdon and
Muldowney? for 0 < 4 < 0.9, and that of Mavrovouniotis and
Brenner? for A = 0.95, to within 0.6%. If it isdesired to achieve
high precision for more closely fitting spheres (4 > 0.95), then
eq 15 should be used instead.

Various results for H in cylindrical pores are compared in
Figure 2. Included are the centerline approximation derived from
Bungay and Brenner,8 the asymptotic result for A — 0 (eq 14),
the radial averages calculated from the results of Higdon and
Muldowney,? and our curve fit to the radial averages (eq 16).
(Not shown is the Renkin equation, which is indistinguishable
from the later centerline approximations for A < 0.4, or the
asymptotic result for A — 1 given by eq 15, which does not
show up well on this scale.) The overall pattern, of course, is
that H declines from 1 to O as the relative solute size increases.
As can be seen, the curve fit in eq 16 is in excellent agreement
with the Higdon and Muldowney results, which we view as
exact, and (for small particles) eq 14. The centerline approxima:
tion turns out to be remarkably accurate, slightly overestimating
H for 4 < 0.4 and underestimating it for larger particles, while
giving a root-mean-square (rms) error of 19% for 4 < 0.95.

Insight into the surprising accuracy of the centerline ap-
proximation is provided by Figure 3, which shows the radial
dependence of K at selected values of 4, as calculated by Higdon
and Muldowney.?? In each case the rel ative mohility of asphere
(i.e., K™ first increases slightly as 8 increases, and then it
declines sharply as the wall is approached. The initial increase
nearly compensates for the eventual drop, causing the radia
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Figure 2. Diffusiona hindrance factor (H) for a sphere in a cylindrica
pore, as a function of relative particle size (1). Results based on centerline
hydrodynamics® are compared with those obtained by radial averaging. The
latter include an asymptotic expression from Nitsche and Balgi? for 1 —
0 (eq 14), numerical results calculated from K of Higdon and Muldowney,?
and a curve fit to the numerical, cross-sectional averages (eg 16).
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Figure 3. Inverse enhanced drag (K™%) and lag coefficient (G) obtained
by Higdon and Muldowney?? for a spherein acylindrica pore, asafunction
of the position of the sphere center (3 = 0 on the axisand § = 1 at the
wall). Results are given for three relative solute sizes (4).

average to be close to the centerline value. For slits, where K1
declines monotonically with increasing 3,2* the errors in the
centerline approximation are greater, as will be shown.

C. Cross-Sectional Averaging for Convection. Brenner and
Gaydos’ provided asymptotic results for 4 — 0 that correspond
to

W) =1 — DL+ 20— 4922+ 0(A%)]  (17)

Higdon and Muldowney® evaluated the local lag coefficient,
G(4, p), for awide range of 4, allowing us to compute K. from
eq 3 by numerical integration. Ennis et a.?® used Pade
approximation to combine the asymptotic expression for small
particles of Brenner and Gaydos’ with the lubrication results
for closely fitting spheres of Bungay and Brenner.8 In terms of
W, their result is

1+ 3.8674 — 1.9074% — 0.8344°
1+ 1.8674 — 0.7414%

W) = (1 — 2)? (18)

Theresultsfor Win cylindrical pores are compared in Figure
4. Again, the overall hindrance factor declines monotonically
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Figure 4. Convective hindrance factor (W) for a sphere in a cylindrical
pore, as a function of relative particle size (1). Results based on centerline
hydrodynamics? are compared with those obtained by radial averaging. The
latter include an asymptotic expression from Brenner and Gaydos’ for A —
0 (eq 17), numerical results calculated from G of Higdon and Muldowney,?
and an expression due to Ennis et a.?* (eq 18) that closely represents the
cross-sectional averages.

as A isincreased. A comparison with Figure 2 indicates that
hindrances are less pronounced for convection than for diffusion,
such that W/H > 1 for intermediate 1. As seen in Figure 4, the
Enniset a. expression (eq 18) converges to the asymptotic result
for small particles, and for al particle sizes is graphically
indistinguishable from the “exact” results derived from Higdon
and Muldowney.Z Thus, eq 18 provides an excellent representa-
tion of the radially averaged convective hindrance factor for
all particle sizes. Also shown isthat the centerline approximation
(again based on Bungay and Brenner8) consistently overesti-
mates W, although with a rms error of only 6%. It is worth
noting that although the percentage errors for W tend to be
smaller than those for H, the absolute errors are larger. Thus,
on the linear scales in Figures 2 and 4, the centerline ap-
proximation for convection looks less accurate than that for
diffusion.

Included in Figure 3 isthe radia dependence of G at selected
values of 1, as calculated by Higdon and Muldowney.?® As
shown, G decreases monotonically as 3 increases. A similar
trend is observed for a particle confined in adit pore?* It follows
that the centerline approximation overestimates W(1) for all
values of 4, both in cylindrical pores and (as will be shown) in
dlits.

Dividing the right-hand side of eq 18 by (1 — 1)? yields K,
for acylindrical pore. It isfound that K; — 1 for A — 0, that it
reaches a maximum of about 1.35 at 4 = 0.5, and that it
decreases againto 1 asA — 1. The reason that K¢ in acylindrical
pore does not vanish for A — 1 is that a closely fitting sphere
acts as a piston, and therefore moves at the mean fluid velocity.

Slit Pores. A. Centerline Approximations. Aswith cylindri-
cal pores, centerline results for spheres in dlits preceded those
for off-axis positions. Using the method of reflections, Faxen
(asgiven in Happel and Brenner?) calculated the enhanced drag
for small to moderate particle sizes (valid up to about 1 = 0.5).
The centerline lag coefficient is obtained readily from Faxen's
law.% In terms of H and W, the results are?

H(1) = ®[1 — 1.0041 + 0.4181% + 0.211* — 0.1691° +
O(A°)] (19)



W) = %(3 - <1>2)[1 - %2 + 0(13)] (20)

where @ is given by eq 12. Pozrikidis?” calculated K(4, 0) and
G(4, 0) for al particle sizes using a boundary integral method,
but only graphical results were presented, making it difficult to
update egs 19 and 20.

B. Cross-Sectional Averaging for Diffusion. Ganatos et al.%
calculated K(4, 8) using a collocation method, and Weinbaum?*
averaged those results over the cross-section to obtain H(A) for
A =10.1,0.2,0.333, 0.5, 0.667, and 0.8. The results for H were
given in tabular form. By asymptotic matching of drag expres-
sions for spheres near plane walls, Pawar and Anderson?® found
that, for A — 0,

HA) =1+ 9714 — 1193581 + 0.1593174% + O(A%
16 1)

which agrees very well with the results of Weinbaum?* up to 4
= 0.33. A least-squares fit to the results of Weinbaum?* and
Pawar and Anderson® gives

H() =1+ %/1 InA — 1.193584 + 0.42851° —
0.31921* + 0.084281° (22)

where the coefficient of A3 has been modified from that in eq
21 to improve the overall fit. Equation 22 gives results that are
within 0.5% of those reported by Weinbaum.?* Although fitted
mainly to results for A < 0.8, this expression also gives the
correct limit of H(1) = 0.

The various resultsfor H in dlit pores are compared in Figure
5. Included are the centerline results (eq 20), the asymptotic
results for small A (eq 21), the cross-sectional average results
of Weinbaum?* (which we view as exact), and the curve fit (eq
22). Itis seen that eq 22 accurately represents the cross-sectional
averages. Unlike the situation for cylindrical pores, the centerline
approximation in glit pores consistently overestimates H, with
an rms error of 25%.

Another approach that has been used to predict diffusional
hindrances in dlits is to assume that the increased drag on a
particle between parallel plates is the sum of two single-wall
contributions, an approximation attributed to Oseen.3° Using this
linear superposition, together with the leading term in the single-
wall results of Faxen (summarized in Happel and Brenner?s),
we obtained

i[9 8L 1-2

KD =1-11= z)f(z)[é 128 ta”hfl[ | &9
2112
) = [1 - % (23b)

This expression will be compared later with Kq predictions based
on egs 19 and 22 and with relative diffusivities measured by
tracking particle motion in glits. Although quite accurate up to
about 4 = 0.5, it will be seen that eq 23 overestimates Ky for
larger particles.

C. Cross-Sectional Averaging for Convection. For convec-
tion in dlits, Staben et al.3! obtained an asymptotic expression
for K. for A — 0. In terms of W, that result is

W(L) = 1 — 3.024% + 2.024° + o(A*) (24)

Those authors also used a boundary integral method to calculate
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Figure 5. Diffusiona hindrance factor (H) for a spherein adlit pore, asa
function of relative particle size (1). Results based on centerline hydrody-
namics (eq 19) are compared with those obtained by cross-sectional
averaging. The latter include an asymptotic expression from Pawar and
Anderson® for 4 — 0 (eq 21), numerical results from Weinbaum,?* and a
curve fit to the numerical, cross-sectional averages (eq 22).
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Figure 6. Convective hindrance factor (W) for a sphere in a dit pore, as
a function of relative particle size (1). Results based on centerline
hydrodynamics (eq 20) are compared with those obtained by cross-sectional
averaging. The latter include an asymptotic expression from Staben et al.3!
for 1 — 0 (eq 24), numerical results from Weinbaum?* and from G of Staben
et a.,3! and a curve fit to the numerical, cross-sectional averages (eq 25).

G, p) for 2 = 0.1, 0.2, ..., 0.9, and 0.95. Numerically
integrating over 3 to obtain W at each 1, and using a least-
squares fit to represent the results for all 4, we obtained

W(L) = 1 — 3.024% + 5.7761° — 12.36754* + 18.97751° —
15.21851° + 4.85251" (25)

which is within 0.4% of the “exact” W for all sizes(0 < 1 <
0.95). The coefficient of 1% in eq 25 was modified from that in
eq 24 to improve the overall fit. Numerical results for W in
dlits are available also from Weinbaum,?* for a smaller range
of sizes (0 < A < 0.8). The results of Weinbaum?* agree with
those derived from Staben et al.3! to within 1%.

The various results for W in dlits are compared in Figure 6,
where it is seen that eq 25 represents either set of cross-sectional
averages® 3! very well. As expected, the asymptotic expression
given by eq 24 is accurate up to about A = 0.1. The centerline
approximation given by eq 20 consistently overestimates W,
with an rms error of 10%.
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Figure 7. Particle diffusivity in adlit relative to that in bulk solution (Kg),
as a function of relative particle size (1). Experimental results of Biondi
and Quinn® and Gupta®® from particle tracking in microchannels are
compared with predictions using centerline hydrodynamics (egq 19), the
Oseen approximation (eg 23), or more rigorous cross-sectional averaging
(eq 22).

Dividing eq 25 by (1 — A) yields K¢ for a dlit, which
approaches unity for A — 0 and increases to a maximum of
approximately 1.19 at 4 = 0.4. In contrast to acylindrical pore,
in a dit Kc =~ 0 as A — 1. In this limit the centerline
approximation becomes exact and G(4, 0) = FP/Ft, where FP
is the force on a stationary sphere due to a Poiseuille flow
(relative to the Stokes law force evaluated at the centerline
velocity) and Ftistheforce on a sphere trandating in a quiescent
fluid (again relative to Stokes law). As shown in Staben et al ., 3!
FP remains bounded as 4 — 1, whereas F! from a lubrication
analysis depends logarithmically on the gap between the sphere
and the wall, ultimately varying as In(1 — 1). Accordingly, G
— 0 and Kc — 0 as 1 — 1. In other words, a tightly fitting
sphere is not convected because the force due to the Poiseuille
flow is unable to overcome the strong lubrication force that
resists sphere motion.2” This should be true not just for dlits,
but for any pore cross-section (e.g., square or rhomboid) that is
not completely occluded by the largest sphere that will fit.
Cylindrical channels are unique in that the fluid cannot bypass
a sphere when 4 = 1. Consequently, FP and F! are both
unbounded as A — 1, the force balance in that limit yielding G
i 1/2 and Ke — 1.

Experimental Results

Recent studies involving microscopic visualization of the
motion of individual particles in dlits provide new tests of the
hindrance factor predictions, supplementing earlier data from
track—etch membranes.? Particle tracking experiments yield Kq
or K, and in some cases even the loca K or G, whereas
transmembrane fluxes are influenced by partitioning and reflect
H and/or W. Biondi and Quinn32 observed diffusion of poly-
styrene beads of 2—9 um diameter in 20—707 um wide dlits.
Gupta® studied diffusion of carboxylated polystyrene beads of
0.11—0.93 um diameter in 1.3—2.7 um channels. In both cases
the particles were free to sample various cross-sectional posi-
tions, so that what was measured was Ky. Figure 7 compares
those two sets of data with some of the theoretical predictions.
In genera, the data are in good agreement with the cross-
sectional average Ky (obtained by dividing H from eq 22 by 1
— 1), especialy those of the more recent experiments. All of
the data fall below the centerline prediction (from eq 19). Also

plotted is the Oseen approximation (eq 23), which agrees well
with the more rigorous cross-sectional average up to about 1 =
0.5, but overestimates Ky thereafter. Not shown are results from
a similar experimental study by Fauncheux and Libchaber,3
which exhibited much more scatter than the data in Figure 7.

The advent of optical tweezers has made it possible to obtain
local measurements of the relative diffusivity (K™1). Lin et al .3
used optical tweezers and video microscopy to measure K1
for 0.93 um diameter poly(methyl methacrylate) spheres
positioned near the mid-plane of glass dlits with widths of 2—70
um. Within experimental error, their results agree with predic-
tions from centerline hydrodynamics. Dufresne et al.®° used
optical tweezers to observe diffusivities of polystyrene sulfate
spheres of 1.1 um diameter in an 8 um dlit, as a function of
particle position (). Again, the local values of K~1 so obtained
were in good agreement with hydrodynamic predictions.

Concerning convection, Staben and Davis® tracked polysty-
rene particles with diameters of 36—495 um in a 520 um dlit
during pressure-driven flow. Particle positions were sufficiently
restricted during their observations that they were able to obtain
local values of G. As shown in their Figure 2, the data for 0.07
< A = 0.95 agreed with the theoretical lag coefficients of Staben
et al.3! to within experimental error. Accordingly, those results
support the validity of eq 25, which was derived from the same
set of predicted lag coefficients.

Conclusion

The hydrodynamic theory of hindered transport for neutral
spheresin cylindrical or dit pores, pioneered more than 50 years
ago, hasfinaly reached apractical state of completion. Accurate
expressions are available now for diffusive and convective
hindrance factors in both geometries, properly averaged over
the pore or channel cross-section. For calculations involving a
wide range of relative particle sizes, we recommend eq 16
(diffusionin cylindrical pores), eq 18 (convection in cylindrical
pores), eq 22 (diffusion in dlits), and eg 25 (convection in dlits).
The predictions of the hydrodynamic theory are in good
agreement with recent data from particle tracking experiments,
as well as being supported by earlier studies using track—etch
membranes.
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