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Abstract

A (1,0,0)-F-Face magic mean labeling is an assignment of labels to the vertices of planar graph such that the mean
weight of each face including an exterior face is constant. In this paper, the existence of (1,0,0)-F-face magic mean labeling is
proven for new graphs obtained by applying graph operations like Cartesian product, subdivision, vertex duplication and edge

duplication.
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1. Introduction

Throughout this paper, a graph G means a finite,
connected, undirected planar graph having neither loops nor
multiple edges. A planar graph is a graph which can be drawn
in a plane so that no two edges intersect.

Path on n vertices is denoted by B, and a cycle on n
vertices is denoted by C,,.

Let G, and G, be any two graphs with p; and p,
vertices respectively. Then the cartesian product G; X G, has
the vertex set {(u, v): ueG;, veG,} and the edges (u,, v,) and
(u,,v,) are adjacent in G; X G, if either u; = u, and v; and
v, are adjacent in G, or u, and u, are adjacent in G; and v; =
v,. Vertex duplication of a cycle C,, denoted by C,,, is formed
by duplicating all the vertices of C,,n=3 where n=
0(mod 2).

A globe graph is a graph produced by joining two
isolated vertices by n paths of length two. It is isomorphic to
K, . A wheel graph consists of a rim and spokes. The rim
edges are the edges of a cycle and the spokes are edges
connecting the central vertex with each node of the rim.
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Duplication of an vertex v in a graph G by a vertex
v’ produces a new graph G' where V(G") =V(G) U {v'} and
E(G") = E(G) U {v'x: x is a vertex adjacent to v in G}

Duplication of an edge e = uv in a graph G by a
vertex v' produces a new graph G’ where V(G") = V(G) U {v'}
and E(G") = E(G) U {uv',v'v}.

A labeling of a graph is a map that carries graph
elements to numbers (usually to the positive or non-negative
integers). Many kinds of labelings have been studied and an
excellent survey of graph labeling can be found in Gallian
(2005).

A function 1 is called a mean labeling of graph G if
Y:V(G) - {0,1,2,...,|E(G)|} is injective and the induced
edge function Y*:E(G) - {1,2,...,|E(G)|} defined as
follows is bijective.

For each edge

(w if (W) +P(v) is even
uv, P*(uv) = {
kw if Y(u) + ) is odd

The graph which admits mean labeling is called a
mean graph (Durai Baskar & Arockiaraj, 2016).



1398

A graph G is magic if the edges of G can be labeled
by the numbers 1,2,3,..., |E(G)|, so that the sum of the labels
of all the edges incident with any vertex is the same
(Hartsfield & Ringel, 1990).

A bijection ¢: E(G) — {1,2,...,|E(G)|} is called a

F-Face magic mean labeling of G if the induced face labeling

sum of the labels of the edges in the boundary of f;
deg(f)

¢ () =|

_ lZejsfi 4’(5}')

= k,a constant
deg(fi) J

for each face f;, including the exterior face of G, where
deg(f;) is the degree of the face f;, that is the number of
edges that bound the face. The graph which admits F-Face
magic mean labeling is called a F-Face magic mean graph
(Arockiaraj & Meena Kumari, 2017). Magic meanness
property of slanting ladder has been discussed by Meena
Kumari and Arockiaraj (2017). Arockiaraj and Meena Kumari
(2018) investigated the F-face magic mean labeling for the
vertex duplication of cycle C,. (Durai Baskar et al., 2016)
discussed the geometric meanness property of the grid graph
P, X P,.

Motivated by these works, the authors of this paper
introduce the (1,0,0)-F-Face magic mean labeling of graphs as

follows:

2. Main Results
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A bijection ¢:V(G) - {1,2,...,|V(G)|} is called a

(1,0,0)-F-Face magic mean labeling of G if the induced face

labeling
¢* (f) _ lsum of the labels of the vertices in the boundary of fiJ
¢ deg(f)
Toier; 6}
= IL = k, a constant
deg(fi)

for each face f;, including the exterior face of G,where
deg(f;) is the degree of the face f;, that is the number of
edges that bound the face. The graph which admits (1,0,0)-F-
Face magic mean labeling is called a (1,0,0)-F-Face magic
mean graph. The weight of the face f of a graph G is defined
as the sum of all the vertex labels on the face and the mean
weight of any face f is defined as the induced labeling on the
face.

In this paper, the existence of (1,0,0)-F-face magic
mean labeling is proven for new graphs obtained by applying
graph operations like Cartesian product, subdivision, vertex
duplication and edge duplication. We investigate the (1,0,0)-
magic meanness property of graphs such as Vertex duplication
of cycle C,, a graph obtained by subdividing the rim edges of
a wheel graph W, = C,, + K, by a vertex, globe graph K, ,,, a
graph obtained from cycle C, by identifying each of its edge
with an edge of a copy of C,, Slanting ladder SL, and grid
graph Py, X P,.

Theorem 2.1. The graph C,, is a (1,0,0)-F-face magic mean graph with face constant n if and only if n is even.

Proof. If n is odd, C, is a nonplanar graph.

Assume that n is even.

Let {v;: 1 < i < n} be the vertices of C,, and u; be the respective duplicating vertex of v;, for 1 < i < n.

Then E(Cp) = {viviy:1<i<n—1U{wv,_1:2 <i<n}U{yviq:1<i<n—13U {u,v, vauy, vav,}and

F(Cp) ={fi = i1V, ViVig1, WiVig, WiV )12 S i S n— 13

U {fi = (01V2, Vp V1, Us U, Wy V2), fo = (Vn—1Vn, UnVy, VilUp, Vpo1Uin)}
-2

U{fi = (UiSmoa 2)i=2 Visrti» Ulsommoa 2)izz Vie1li» UnVs),

_ n-1 n-1
fo= (Uizl(mod 2),i=1 Vi+1Ui» Ui=1(mod 2)i=3 Vi—luiJUnul)}-

InCp, V()| = 2nand |F(Cy)| = n + 2.
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n+1, i=1

. —~ . i —1, i = 0(mod2)
Define ¢: V(C, 1,2,...,2n} as follows: For 1 <i <mn, y=4"
$:V(Cn) > { n} or E<n o) 2n—i+2, i=1(mod2),i #1and

n, i=2
i-2, i = 0(mod2),i # 2
W) =10n k1, i = 1(mod2)

Then the induced face labeling ¢* in G is obtained as follows

1
B () = [ 601 + W) + $ir) + D)
=n,forall 3<i<n-1,i =1(mod2)

1

B () = |7 (60 + $@) + $w) + $@)| = .
1

() = |70 + $) + dws) + dw))| =,

1
B () = [0 + @) + $vin) + D)
=n,forall 4 <i<n,i=00(mod2) and

" (fo) = |2 (B iz omoazy D) + T izomodz) P} = 1.

Thus ¢*(f) = n, for each face f of G.

So, G = C, is a (1,0,0)-F-face magic mean graph with face constant n if n is even. A (1,0,0)-F-face magic mean
labeling of Cg is shown in Figure 1.

Theorem 2.2. The graph G obtained by subdividing the rim edges of a wheel graph W,, = C,, + K; by a vertex is a (1,0,0)-F-Face
magic mean graph for n > 3 with face constant n.

Proof. LetV(G) = {uz1 <i<n}ufvil1<i<n}u{u},
EG)={uupl<i<nju{yvgl<i<nju{vuy,;:1<i<n-1}u{v,y} and
F(G) = {fi = (uuy, wivy, vittipy, Ui w): 1 < i <n—1}

U {fn = (Utty, Up ¥y, vpug, uyu)} U {fo = (U?=1 u;v;, U?=_11 Viui+1:17nu1)}

Figure1l. A (1,0,0)-F-Face magic mean labeling of g with face constant 8.
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where f; is the outer face of G, deg(f;) = 4,1 <i <nanddeg(fy) = 2n, |[V(G)| =2n+ 1.

Case (i) nis odd.

Define ¢: V(G) = {1,2,...,2n + 1} as follows:
¢d(w) = (3Bn—-3)/2,

2L i=1(mod2)

o(u) = %Hl, i = 0(mod2) and

m-i+1, 1<i<™
dW) ={2n—1i, nTJrSSiSn—l
2n+1, i=n

Then the induced face labeling ¢* on G is obtained as ¢*(f) = n for each face f of G. Thus ¢ is a (1,0,0)-F-Face
magic mean labeling of G.

Case (ii) niseven
Define ¢:V(G) — {1,2,...,2n + 1} as follows:

() = 3n/2,

=2, i=1(mod2)

o(u) = nTH’ i = 0(mod2) and

n—i+2, 1<isi-1
m-Z4+1, i=2

o) = n—1i, “+1<isn-—1
2n—g+2, i=n

Then the induced face labeling ¢* on G is obtained as ¢*(f) = n for each face f of G. Thus ¢ is a (1,0,0)-F-Face

magic mean labeling of G. A (1,0,0)-F-Face magic mean labeling of Cg + K; and C, + K; are shown in Figure 2.

6

11

Figure 2. A (1,0,0)-F-Face magic mean labeling of Cg + K, and C, + K; having face mean constant 8 and 7 respectively.
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Theorem 2.3. The globe graph K, ,,n = 1 is a (1,0,0)-F-face magic mean graph.

Proof. LetV(G) ={up1<i<2jufvi:1<i<nj
EG) ={wvil1 <i<n}uf{uv;:1<i<n}and
F(G) ={fi = WV uiVip1, UV, UpViyg): 1 ST <n — 1}

U {fo = (Wqv1, Uy, U vy, Uz vy}

where f; is the outer face of G, deg(f;) = 4,0<i<n,|V(G)| =2n+ 1.

Case (i) n is even.

Define ¢: V(G) - {1,2,3,...,2n + 1} as follows:

i+1 l<i<s

2 l

i+3 )

> 1<i<5
For i = 1(mod2),¢(v;) = {1 P=11

2’ -

n i—11 13<i< 3

> > i<n

4 i=n-—1.

For i = 0(mod2), p(v;) =

o(uy) = g+ 1 and

n
d(uy) = > +2.

Then the induced face labeling ¢* on G is obtained as ¢*(f) = §+ 1 for each face f of G. Thus ¢ is a (1,0,0)-F-Face magic

mean labeling of G.

Case (ii) n = 1(mod4)
Assume that n = 5. Define ¢: V(G) - {1,2,3,...,2n + 1} as follows:

i+1, i=1(mod2)
Forl1<i<ni#n-2,¢(v)=n—1i, i=0(mod2),

¢(Wp—2) =n,¢(u) =n—1and
d(uy) =n+ 2.

3n+3
4

Then the induced face labeling ¢* on G is obtained as ¢*(f) = for each face f of G. Thus ¢ is a (1,0,0)-F-Face magic mean

labeling of G.
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Case (iii) n = 3(mod4)

Assume that n > 3. Define ¢: V(G) - {1,2,3,...,2n + 1} as follows:

i+1, i=1(mod2)
Forl<i<nandi#n-2,¢(v;)=yn—1i, i=0(mod2),

P(vn_z) =1,
¢(u,) =n—1and
d(uy) =n+2.

321 for each face f of G. Thus ¢ is a (1,0,0)-F-Face

Then the induced face labeling ¢* on G is obtained as ¢*(f) = "

magic mean labeling of G. When n = 1, the graph K ; is a tree and so it admits a (1,0,0)-F-Face magic mean labeling. A (1,0,0)-

F-Face magic mean labeling of K; 14, K> 7 and K, o are shown in Figures 3, 4 and 5 respectively.

Theorem 2.4. Let G be a graph obtained from cycle C, by identifying each of its edge with an edge of a copy of C4. Then G is a
(1,0,0)-F-face magic mean graph.

Proof. Let the vertex set of C, be V(C,) = {vy,v,,...,v,} and the vertex set of it copy of C, be V(Cy) = {u;1, Uiz, Uiz, Uis}.

Let the edge v;v;,4 of cylce C,, be identified with edge u;,u;, of i* copy of C, and the edge v, v; be identified with the edge

Figure 3.

Figure 4. A (1,0,0)-F-Face magic mean labeling of K, , with face mean constant 6.
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Figure 5. A (1,0,0)-F-Face magic mean labeling of K, , with face mean constant 7.

Un1Upz Of ntcopy of Cy. Let F(G){f; = (viVip1, Vitliz, Uizlia, UiaVig1): 1 S T S 1= 13U {fyy = (U1, V1Una, UnzUng, UnzVn)}
U {fo = (UL v, U Di4q Ui Uy wisttie) } U {fi = (UISE V4, vav1) } Where deg (f;) = 4,1 < i < n,deg(fy) = 3n

anddeg(f;) =n

Define ¢: V(G) - {1,2,3,...,3n} as follows:

For1<i<n¢v)=n+i
¢(u;z) =n—i+1and

3n—i, 1<i<n-1

d(uiy) = {371, i=n

Then the induced face labeling ¢* on G is obtained as

. 3n+1
¢ () :l 2 J
=, n=0(mod2)
= ﬁ, n = 1(mod2),

Thus ¢ is a (1,0,0)-F-Face magic mean labeling of G. The (1,0,0)-F-face magic mean labeling of Cs obtained by identifying each

edge with an edge of a copy of C, is shown in Figure 6.
Theorem 2.5. Slanting ladder SL,,,n > 2 is a (1,0,0)-F-Face magic mean graph with face mean constant n.

Proof. Let G = SL,,, where V(G) = {up:1 <i<n}uf{v:l1<i<mn}

EQG) ={wu 1 <i<n—-u{yw,1<i<n—-1}u{yv,_:2<i<n}and

n-1

n-1
F(G) = {f; = (Wit1Ui+2) ViVip1, Uis1Vp Upg2Vigr): 1 S E <0 — 2} U {fo = (U | Wit U UiVi+1,qu1,unVn—1>}
iz

in which f; is the outer face of G.
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Figure 6. A (1,0,0)-F-face magic mean labeling of Cs obtained by identifying each edge with an edge of a copy of C, having face constant.

InG,|V(G)| = 2n,deg(f;) =41<i<n-—2anddeg(fy) = 2n.

Case (i) nis odd.

Define ¢: V(G) - {1,2,...,2n} as follows:

2E, i=1(mod2)
Pw) = n_2i+1, i = 0(mod2) and
ML = 1(mod2)

2
W) =9, —%, i = 0(mod2).

Then the induced face labeling ¢* on G is obtained as ¢*(f;) = n, forall1 <i <n—2and ¢*(fy) = lZ"HJ =

2
Case (ii) n is even.

Whenn = 2,5L, isatree. So it is a (1,0,0)-F-face magic mean graph.
Forn = 2, Define ¢: V(G) — {1,2,...,2n} as follows:
22 D= 1(mod2)

o) = % i = 0(mod2) and

2n—i+1
2

o) =4, +§, i = 0(mod2).

, 1 =1(mod2)

an+2
4

Then the induced face labeling ¢p* on G is obtained as ¢*(f;) = l

2n+1
=n

J:n,forall 1Si£n—2and¢*(f0)=l 2

Thus ¢ is a (1,0,0)-F-Face magic mean labeling of SL,,n = 2 with face mean constant n. A (1,0,0)-F-Face magic

mean labeling of SL, and SLg are shown in Figure 7.

Theorem 2.6. The grid graph P, X P,,m,n > 1 is a (1,0,0)-F-face magic mean graph with face constant ? if either m or n is

even or both are even and %ﬂ if both m and n are odd.
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8

Figure 7.

Proof.

A (1,0,0)-F-Face magic mean labeling of SL, and SLg having face constant 7 and 8 respectively.

LetG =Py X B, Then V(G) = {w;;1 <i<m,1<j<n}

E(G) = {uiju(iﬂ)j: 1<ism-11 S] < Tl} U {uijui(jﬂ):l <is<ml1 S] <n- 1}

F(6) = {fij = (wijti+1) Wi+ UG+ G410 U+ DG+DUGH D) U Uy 1 S ESm =11 < j<n -1}

n—-1 n-1 m-—1

m—1

U fO = U UgjUr(j+1) U UmjUm(j+1) U Ui U(i+1)1» U UinU(i+1)n

j=1 j=1 i=1

i=1

where f; is the outer face of G, deg(fij) =4,1<i<m-1,1<j<n-1, [V(G)| =2n+1

There are (m — 1)(n — 1) faces of degree 4 and outer face is

of degree 2m + 2n — 4.

o(u1) =1,

¢ (ugz) = mn,

d(Uy(j-2)) +J— 2, j=1(mod2)
For3<i<sn ¢(u;) =d(uy-z) —Jj+2 j=0(mod2),

P (uzn) = ¢(V1n—1) —n+ land

For2<i<m1<j<n-1,

d(ug-nen) — 1, i+j = 1(mod2)
o(wij) = p(ug-_ngsn) + 1, i +j = 0(mod2)-

Then the induced face labeling ¢* on G is obtained as
¢*(f) = mn/2, for all faces f of G. Thus ¢ is a (1,0,0)-F-
Face magic mean labeling of B,, x B, with face mean constant
mn/2. A (1,0,0)-F-Face magic mean labeling of Pg x P, is

shown in figure 8.

10

| 56
5k il 28 | 28 ; [Z' 19, 1 i

51

— 1 '
28
JIENgEIN|

e 22 33 26 30 28

Figure 8. (1,0,0)-F-Face magic mean labeling of Pg X P, having face

mean constant 28.
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