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Abstract

We introduce the notion of p-bounded variation of fuzzy real number sequences, bvg , for 1<p<co. We study some of

its properties like completeness, monotonicity, convergence free, and symmetricity. Also, we prove some inclusion results.
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1. Introduction

The concept of fuzzy set, a set whose boundary is
not sharp or precise was introduced by L. A. Zadeh in 1965. It
is the origin of the new theory of uncertainty, distinct from the
notion of probability. After the introduction of fuzzy sets, the
scope for studies in different branches of pure and applied
mathematics increased widely. The notion of fuzzy sets was
successfully applied in studying sequence spaces with
classical metrics, for example by Altinok, Et and Colak
(2014), Altinok and Et (2015), Das (2014a, 2014b, 2017a,
2017b), Esi (2006, 2010a, 2010b, 2013), Et, Altinok, and
Altin (2013), Nanda (1989), Tripathy and Dutta (2007),
Tripathy and Das (2012), and Tripathy and Goswami (2015).
Work with the concept of fuzzy metrics was done by Kelava
and Seikkala (1984), Das (2014), Tripathy, Paul and Das
(2015). In the field of fuzzy topology, some work was done by
Dutta and Tripathy (2017), Tripathy and Debnath (2015), and
Tripathy and Ray (2012).
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2. Definitions and Preliminaries

Let D denote the set of all closed and bounded
intervals X = [a1, @2] on R, the real line. For X, YeD we define

X<Y,if at<biand a2 <bho,
d(X,Y)=max (|ai-b1], |az-bz2]),

where X = [a1, az] and Y = [by, bz]. It is known that (D, d) is a
complete metric space. Also < is a partial order in D.

Definition 2.1 A fuzzy real number X is a fuzzy seton R, i.e.
a mapping X : R — I (=[0,1]) associating each real number t
with its grade of membership X (t).

Definition 2.2 A fuzzy real number X is called convex if X(t)
> X(s) A X(r) = min (X(s), X(r)), where s<t<r.

Definition 2.3. If there exists a to € R such that X(to) = 1, then
the fuzzy real number X is called normal.

Definition 2.4 A fuzzy real number X is said to be upper-
semi continuous if, for each ¢ >0, X([0,a+ &)), forall ael
is open in the usual topology of R.
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The set of all upper-semi continuous, normal,
convex fuzzy real numbers is denoted by R(l). Throughout the
article, by a fuzzy real number we mean that the number
belongs to R(I).

Definition 2.5. The « - level set [X] of the fuzzy real number
X, for 0 < ¢ <1, is defined by [X]* = {teR: X()>a}. If «
=0, then it is the closure of the strong 0-cut. (The strong a-cut
of the fuzzy real number X, for 0 <a < 1 is the set {teR : X(t)

>al}).

By 0-cut or 0-level set of the fuzzy real number X,
we mean the closure of the strong 0-cut.

Throughout « means, a <(0, 1] unless stated
otherwise.

For X, YeR(l) consider a partial ordering < as

X <Yifandonly if a7 <ay and b < by, for all
a €(0,1], where [X]“:[af‘, bﬂ and [Y]* :[a;, bg],

The arithmetic operations for o-level sets are
defined as follows:
Let X, YeR(l) and the - level sets be [X]*

=[a, by, Y1 =[ a7, by |, for ac[0.1]. Then
X@vYle=[af +a5, by +b; |,
[X-Yl== [a —by, b —a; |,

[X®Y]*=| min ab?, max a’b{ |.
i, jefl,2} P ey J

and [v]*= {1,1}, OeY.
by ay

The set R of all real numbers can be embedded in R(l). For

reR, I eR(l) is defined by

- 1, for t=r,
r) =
0, for t=r.

For reR and XeR(l), the scalar product rX is defined by
X (™), if r=0,
X (1) =1 )
0, if r=0.

Definition 2.6 The absolute value, | X | of XeR(l) is defined
by (Kaleva and Seikkala [1984] )

. max (X (t), X (-t)), if t>0,
X0 = 0, if t<0.

A fuzzy real number X is called non-negative if X(t)
= 0, for all t < 0. The set of all non-negative fuzzy real
numbers is denoted by R*(l). The additive identity and
multiplicative identity in R(l) are denoted by 0and1

respectively.
Let d : R(I) x R(I) > R be defined by

d v = supd([X]°,[Y]")-

O<a<l

Then d defines a metric on R(l).

Definition 2.7 A fuzzy real numbers sequence (Xk) is said to
be level convergent to the fuzzy real number X if, for each «
[0, 1],

’(im a;=a“ and limb? =b®
o a
where [Xd*=[8, , b ], forall kENand [X]*=[a® b*].

If the convergence is uniform in ¢, then we say that (X«)
converges uniformly to X.

Definition 2.8 A sequence (X«) of fuzzy real numbers is said
to be convergent (uniformly) to the fuzzy real number Xo if,

for every ¢ >0, there exists noeN such that d (Xk, Xo) < ¢, for
all k > no.

Definition 2.9 A fuzzy real number sequence (Xx) is said to be
bounded if | X, | < g, for some e R*(1).

Definition 2.10 A class of sequences EF is said to be normal
(or solid) if (Yi)<EF, whenever d (Yi, 0 ) < d (Xk, 0 )forall
keNand (Xk)eEF.

Definition 2.11 Let K ={ ki< ke< ks ...} N and EF be a
class of sequences. A K-step set of EF is a set of sequences

2 ={(X, )ew :(X,)eEF}

Definition 2.12 A canonical pre-image of a sequence
(X, )e ,1KE‘ is a sequence (Yn) € WF, defined as follows:

X,
Y =~
0,

if nek,
otherwise.
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Definition 2.13 A canonical pre-image of a step set AEF is a
set of canonical pre-images of all elements in ,1KEF e, Yisin
canonical pre-image ,1KEF if and only if Y is canonical pre-
image of some X ,1E )

Definition 2.14 A class of sequences EF is said to be

monotone if EF contains the canonical pre-images of all its
step sets.

From the above definitions we have following remark.
Remark 2.15 A class of sequences EF is solid =
monotone.

EF is

Definition 2.16 A class of sequences EF is said to be
symmetric if (Xzm)<EF, whenever (Xk)eEF, where & is a
permutation of N.

Definition 2.17 A class of sequences EF is said to be
convergence free if (Yi)eEF, whenever (Xx)eE" and x =0

implies Y, =0.
. F
Throughout the article w¥, £ and cF denote the
class of all, bounded and convergent sequences of fuzzy real
numbers respectively. The class of sequences ﬁ'; ,for1<p<

oo of fuzzy real numbers was introduced and studied by Nanda
(1989) as follows:

05 :{X =(X,)ew :

{a(xk,a)}" <oo}.

k=1
In this article we introduce the class of p-bounded

ot F
variation sequences of fuzzy real numbers pr , for1< p<

oo as follows:

bv’ :{x =(X,)ew :i{E(Axk,ﬁ)}" <oo}’

k=1
where AXk = Xk — Xk+1, forall KE N.

3. Main Results

Theorem 3.1 The class of sequences bVE, l1<p<wisa

complete metric space with the metric

o

p(x.v)=d(xm){i{dmxk,m)}p} ,

k=1

where X = (X), Y = (Yi)e bvg .

Proof: Let (X™) be a Cauchy sequence in bVE, where XM
= (X)) = (X, Xo®, Xs™, . ) e bVE, for all neN.

Then, for each 0 <g< 1, there exists a positive integer no such
that for all m, n > no,

p(x(ﬂ), X(m)) —

1
_ . B
d(Xl(n), Xl(m))+|:Z{d(AXk(n),AXk(m))} :| <eé

k=1

It follows that (X, X,™) < ¢, for all m, n > no. O
1

and [Z{H(Aka)lek(m))}P}p o for all m, n>no. @)

k=1

= d(AX,™,AX, ™) <&, forallkeNand m,n>no. (3)

Thus (x/™)and (AXd™), forall keN are Cauchy sequences
in R(1). Since R(l) is complete, so (X" )and (AXk™), for all

keN are convergentin R(l).

Let lim X = X, 4)

n—oo

and limAX(™ =2z, , forall keN. )

n—o0

From (4) and (5) we have,

lim Xk®™ = Xy, for all keN.

n—oo

Now fix n>no and let m — oo in (1) and (2), we have

S

d(x,",X,) <& and {i{d(AXk(”),AXK)}P} <o

k=1

forall n>ng (6)

This implies that p(X ™, X) < ¢, foralln>no. ie XO—
X, as n — oo, where X = (Xx).
Next, we show that X e bVE )

From (6) we have for all n > no,
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S {d@ax,®, ax)) <e-

k=1

Again for all neN, X® = (Xd") e bvg

= 3{dax,”.0) <o

k=1

Now for all n > no we have,

S{dex,.0) =

k="

i{d(AXk,AXk‘”))}P+i{d(AXk(”),O)}P} <o,

1 k=1

Hence X e bVE . This proves the completeness of bVE .

Theorem 3.2 The class of sequences bvg is neither

monotone nor solid.
Proof: This result follows from the following example.

Example 3.1 Let us consider the sequence (Xk), defined as
follows.

2 2
Xdt) = J1-37'kP(t—-2), for 2<t<2+3k P,
0, otherwise.

Then [AX, ]” = {3(01 ~1)(k+1) P, 3(1—a)kp}

, _2)°
Thus Z{d(AXk,O)}p:Z{B(l—a)k D} <.

Therefore, (Xk) e bVE .
LetJ={keN:k=2i—1, ieN}beasubsetof N

and let (bVE)J be the canonical pre-image of the J-step set

(bvy), of byF, defined as follows:

(Yk)E(ﬁ)J, is the canonical pre-image of
(X< by} implies

X,
w-{3

for kelJ,
for k¢ J.

Then

2, 12+31-a)k P, for ke,
e |

[0,0], for keJ

{z, {2+3(1—a)ka,
{—{2+3(1—a)(k+1)f’}, —2}, for keJ.

and

for ke,
[AYk]a =

Therefore,

> {d(ay,.0)

k=

2P 2 P
Z{2+3(1—a)kp} + Z{2+3(1—a)(k+1)"}

ked

P

N

> 9P Z{ZP +3(1—a)"k*2} ,which is unbounded.

ked

Thus (Yi) ¢ bvg . Hence bvg is not monotone.

The class bvg is not solid which follows from the remark 2.15.

Theorem 3.3 The class of sequences bvg is not convergence

free.

Proof: The result follows from the following example.

Example 3.2 Consider the sequence (X«)e bVE defined as

follows:

For k even,

2 2
1+kPt, for —k P <t<0,
2

2 _2
X ()=91-k"t, for O<t<k °,

0, otherwise

and for kodd, Xk= 0 .

Then
_2 2

X, = (a-1)k P, (1-a)k P |, for k even,

Je =

[0,0], for k odd
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and
_2 _2
{(a—l)(k+1) P, (l-a)(k+D) P}, for k odd,
[AX, ] = 2 2
(a-1)k ?, (1-a)k p}, for k even.
p
l-a

Therefore, i{a(AXk,ﬁ)} 2i 2
k=1 i=L (2i)5

Thus (Xk)e bvg

Let us define a sequence (Yk) as follows:

Fork odd, Yx= 0
and for k even,

1 _1
1+kPt, for —k P <t<0,
1 _1
Y (®)=41-k"t, for O<t<k P,
0, otherwise.
Then
[0,0], for k odd,
a _ 1 1
A l:(a—l)k P, 1-a)k ”}, for k even.
and
1 1
{(a—l)k P (1-a)k p}, for k even,
[AYk]a: 1 1
l:(a—l)(kJrl) P, (1-a)(k+D) P}, for k odd.
Thus

, Which is unbounded.

Y {d(ay,.0) =23 =%

k=1 i=1 (2|)

ie., (Yo & bVE . Hence bV"j, is not convergence free.

Theorem 3.4 The class of sequences bVE , p>1isnot

symmetric.

Proof: The result follows from the following example.

Example 3.3 Consider a sequence (Xk)e bvg defined as

follows:

1, for —lstso,
2

Xl(t):
0, otherwise
and for k > 2,
k-1 1 1 k-1 1
1, for - =<t > | = |,
-t @ -2 afeeg(})
0, otherwise.

Then [Xl]“ :[—;, 0}
and for k> 2,
[ {82)-2) 5]

Now for all keN, [AXk]* =

{ {i‘i} {i+ 2(k1+1)H : le ﬁ* 2(k1+1)H'

For p > 1 we have,

g{a(AXk,ﬁ)} i{i

’ <
2(k +1)

- 1
kz{kp 2’“(k+1)P} =

Thus, (X< bV[ , p>1.

Let (Yx) be a rearrangement of the sequence (X«), defined by

(Yk) = ( X1, X2, Xa, X3, Xo, X5, X16, X6, X25, X7, X36, X8, X49, X10,
)

iey =X, for kodd,

k+1
)
for k even and ne N, satisfying n(n-1) <gs n(n+1)"

[3)

Then for k = 1, we have
[AY,]" = [AY,]= [X,] -[X,] = [0.5, 1.25].
Again,

for k odd with k>1and ne N, satisfying n(n-1) <%s n(n+1)"
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[AY, ] = . ! _ »
_XM {Xw

) Sl 1 1

a

[%)2 = l l

2 T T [ ] e [
r,[m%) r 2(%] r,[m%) r 2(n +%J

and

for k even and ne N, satisfying n(n—1) <§s nin+1):

[aY,]'= ;X[“*ZJ {X[kff ]

It is observed that the distance of [Ayk]" from [6}” ,

for all (odd and even) keN is numerically greater than 0.1.

Therefore, i{H(AYk | 6)}P is unbounded for p > 1.
k=1

Thus (Yd)e bVE, p > 1. Hence bVE, p > 1 is not

symmetric.

Theorem 3.5

(@) K'; c bVE , for 1 < p <o and the inclusion is strict.

(b) bV('; c bVE ,for 1 < q<p <o and the inclusion is

strict.

© bvfc bV"j ,for 1 <p<oo and the inclusion is strict.

Proof: (a) Let us consider a sequence (Xk) e ("; .

Then i{a(AXk,a)}P <.
k=1

Again, 3G (ax,.0))"

k=1

< z{i{(a(xk,é))"+(a(xk+1,6))"ﬂ<w.

k=1

Therefore, ﬁz c bVE.

The strictness of the inclusion follows from the following
example.

Example 3.4 Consider a sequence (Xk) defined by

2 2
1+kP(t-2), for 2—k P<t<2,
2 2
Xy =11-2"%"P(t-2), for 2<t<2+2k *,
0, otherwise.
Then
_ 2 2
[X] = {2+(al)k P}, {2+2(1a)k PH
and

[aX,]" = “(10%p +2(1-a)(k +1)p},
{ 20-a)k *+(1-a)(k +1)PH'

Thus

S0l =3 {2+2(1—a)k‘2)}p :

k=1
which is unbounded. Hence (Xi) ¢ ﬁ'; . Next,

i{a(Axk,é)}P = 2{2(1—a)k" +(1-a)(k +1)p}

k=1 k=1

< 2P(1—a){i{2pk2+(k +1)2}}

k=1

<o00.

i.e. (Xge bvg . Therefore the inclusion is strict.

(b) Let (X< bV . Then i{a(AXk,ﬁ)}q <.
k=1

Since AXk — 0, as k — oo, s0 there exists an positive integer
no such that

d(AX,,0) <1, forall k>no.

We have
i{a(AXk,f))}p = nﬂ_l{a(AXk,ﬁ)}p + i {a(AXk@}p - 0
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Clearly,

© —

> {d(Axk,ﬁ)}p < i{a(AXk,(_))}q <o, forp>g

k=n, k=ngy

and ni{a(AXk ,6)} ? is a finite sum.
k=1

Hence (7) = i{a(AXk,ﬁ)}p <o = (X € bvy and

k=n,

F F
thus bvq c bvp .

The strictness of the inclusion follows from the following
example.

Example 3.5 Consider the sequence (Xk) such that AXk =
1

k 9, forall keN.

Then

2 {dex. 0 - 1+[23Jq+(33Jq+ D>

x|+

k=1

which is unbounded.
Hence (Xk) ¢ bqu .
But,

o A A e
Z{d(AXk,O)} =19 +|29 +[3°] +...
k=1
_ iir«)o’ where =P 1.

k1K q
Hence (Xk)e bvg . Thus the inclusion is strict.

(c) The proof is obvious, so omitted. The strictness of the
inclusion follows from the following example.

Example 3.6 Consider the sequence (Xk) defined in example

3 d(AX,,0) = 3 {1 1

i } which is unbounded.
k=1 k=1 k 2(k +1)

Hence (Xk) ¢ bvF .

But,
S=y =11 |
23,0 :E{Uz(kﬂ)}

e (1 1
SHY <
;{k" 2P(k+1)P} *

= (Xd)e bvg .

Hence the inclusion is proper.

4. Conclusions

We introduced the notion of p-bounded variation of
fuzzy real number sequences, bVE , for 1 < p < o0 and studied

some of its properties like completeness, monotonicity,
convergence free, and symmetricity. We also established
some inclusion results involving this space. The methodology
adopted to establish the results can be applied to study the
class of double bounded variation sequences. Also the space
introduced can be studied from a fuzzy metric point of view.
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