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Abstract

We introduce the notion of a completely ordered k-regular semiring as a generalization of a completely regular ordered
semiring and characterize it using its ordered k-ideals. Moreover, we show that an ordered semiring S is completely ordered k-

regular if and only if every ordered k-bi-ideal of S is semiprime.
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1. Introduction

Bourne (1951) defined a semiring (S,+,") to be
regular if for every a € S there are x,y € § such that a +
axa = aya. Later, Adhikari, Sen and Weinert (1996) renamed
the Bourne regularity to be k-regular and studied some of its
properties. Then many authors; for example, Bhuniya (2011)
and Jana (2011) investigated and gave some characterizations
of k-regular semirings by their k-ideals.

An ordered semiring is a semiring together with a
partially ordered relation. It was introduced by Gan and Jiang
(2011) as an algebraic structure which is a generalization of a
semiring. Then Mandal (2014) introduced the notions of
regular and k-regular ordered semirings. In 2017, Patchakhieo
and Pibaljommee (2017) defined the notion of an ordered k-
regular semiring as a generalization of k-regular ordered
semiring defined by Mandal and introduced the notions of left
and right ordered k-regular semirings.

The concept of completely regular on an ordered
algebraic structure was introduced by Kehayopulu (1998) on an
ordered semigroup. Kehayopulu called an ordered semigroup S
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to be completely regular if S is regular, left regular and right
regular.

In this paper, we introduce the notion of a completely
ordered k-regular semiring as an ordered semiring S such that
S is ordered k-regular, left ordered k-regular and right ordered
k-regular. Then we study some properties of completely
ordered Kk-regular semirings and give some of their
characterizations by their ordered k-ideals.

2. Preliminaries

An ordered semirings (S,+,,<) is a semiring
(S, + ,) together with a binary relation < on S such that the
relation < is compatible with the operations + and - of S. We
simply write S for an ordered semiring (S,+,,<) and ab
instead of a - b for all a,b € S. An ordered semiring S is said
to be additively commutative ifa + b = b + aforanya,b € S.
Throughout this paper, we assume that S is additively
commutative.

For any nonempty subsets 4, B of S, we denote

AB={ab€S|a€ADbEB}

A+B={a+beS|a€AbeB}

YA={Yr,a;,€S|a,€eAneN}

XAB = {Z;{l:laibi ES | a; € A,bl’ EB,n € N}
and

(Al={xeS|x<aforsomea€ A}
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In a special case, if A = {a} for some a € S, then we
write Za instead of Z{a}. Clearly, A € ¥4 and A = A if and
onlyif A+ A c A.

Remark 1. Let A,B be nonempty subsets of S. Then the
following statements hold:

(i) AczAandX(ZA) =Z4;

(i) if A € B then ZA c ¥B;

(iii) A(EB) € (ZA)(ZB) € 2AB and
(ZA)B < (ZA)(ZB) < 24B;

(iv) Z(A+B)cA+3IB;

(v)  x(4] < GAL

(vi) A< (A]land ((4]] = (4];

(vii) if A < B then (4] < (B];

(viii) A(B] € (A](B] € (AB] and
(A]1B < (A](B] < (4B];

(ix) A+ (B]Jc(A]l+ (B]l< A+ B];

) (4UB]=(4]u(BI;

(xi) (AnB] < (A]ln(B].

The k-closure (Patchakhieo & Pibaljommee, 2017) of

@ + A € S is defined by

A={xeS|x+a<bforsomea b €A}

Remark 2. Let A,B be nonempty subsets of S. Then the
following statements hold:

(i) TAczEa;

(i) ifA+AcCAthenAcAandA = (4] = (A];
(iiiy ifAcBthenACB;

(iv) ABC ABandAB C AB,;

(v A+BCA+B;

(vi AUBCAUB;

(viil ANBCANB;

(viiiy if A+ACA then Ac(Alc(A]=Ac
(4l.

We note that if @ = A € S is closed under addition

then (4], 4 and m are also closed. As a consequence of
Remark 1 and Remark 2, we obtain the following remark.

Remark 3. Let A, B be nonempty subsets of S such that A and
B are closed under addition. Then the following statements
hold:

i  Z(4] = (24];

(i) (@] = @I

(iii)  A(B] < (4] (B] < (2AB] and
(A]B < (4] (B] < (24B];

(ivy A+ (B]<(A]+(B]< (A+B].

A left ordered k-ideal (right ordered k-ideal)
(Patchakhieo & Pibaljommee, 2017) of S is a subsemigroup
(A,+) of (S,+) such that SA € A (AS € A) and A =A. An
ordered k-ideal of S is both a left and a right ordered k-ideal of
S. An ordered quasi k-ideal (Palakawong na Ayutthaya &
Pibaljommee, 2017) of S is a subsemigroup (Q,+) of (S,+)

such that (2SQ] n (2QS] € Q and Q = Q. It is easy to see that

every ordered quasi k-ideal of S is a subsemiring of S, indeed;
Q? € SQ n QS < Q. Asubsemiring B of S is called an ordered
k-bi-ideal (ordered k-interior ideal) of S if BSB € B (SBS <
B)and B = B.

For @ #Ac S, we denote Li(A4) (resp. Ri(4),
Ji(4), Qr(A), B, (A)) as the smallest left ordered k-ideal (resp.
right ordered k-ideal, ordered k-ideal, ordered quasi k-ideal,
ordered k-bi-ideal) of S containing A. Palakawong na
Ayutthaya and Pibaljommee (2017) gave their constructions as
the following lemma.

Lemma 2.1 Let® #= A S S. Then the following statements
hold:

() Lp(A) = (ZA + ZSA];

(i)  Re(4) = (A + 2AS];

(i) Jo(A) = (34 + £SA + 2AS + 2SAS];
(V) Qu(4) = (34 + (=54] n (34]];

(V) By(A) = (ZA + TA? + TASA].

Mandal (2014) defined S to be regular if for every
a € S, there exists x € S such that a < axa. We call S left
regular (right regular) (Palakawong na Ayutthaya &
Pibaljommee, 2016) if for every a € S, there exists x € S such
that a < xa? (a < a’x).

If S is regular, left regular and right regular then we
call S a completely regular ordered semiring. An ordered
semiring S is said to be ordered k-regular (Patchakhieo &

Pibaljommee, 2017) if a € (aSa] for all a €S (equiva-

lently, A € (ZASA] VA € S).

In general, every ordered quasi k-ideal of an ordered
semiring S is an ordered k-bi-ideal of S but the converse is not
true. Palakawong na Ayutthaya & Pibaljommee (2017) gave an
example for this case and show that the converse can be true in
an ordered k-regular semiring.

3. Ordered k-idempotent Semirings

Here, we introduce the notion of fully ordered k-
idempotent semirings, give some their characterizations and
show that their ordered k-ideals and their ordered k-interior
ideals coincide.

Definition 3.1 An ordered k-ideal J of S is called ordered k-

idempotent if J = (Z/?].
We call S an fully ordered k-idempotent semiring if
every ordered k-ideal of S is ordered k-idempotent.

Example 3.2 Let S = {a, b, ¢, d, e}. Define a binary operation
+onShyx+a=x=a+xforallxeSandx+y=>bfor
all x,y € S — {a}. Define a binary operation -on Sby a-a =
a, x-a=a=a-x,d-e=e-d=e-e=candb-x=x-
b=c-x=x-c=d-d=»b for all xe€S—{a}. Define
a binary relation < on S by <:= {(a,a), (b, b), (c,c), (d,d),
(b,c)}. Then (S,+,,<) forms an additively commutative
ordered semiring. We have that S and {a} are only two ordered
k-ideals of S. It is not difficult to check that S = (£S?] and
{a} = (Za?] and so we obtain that S is a fully ordered k-
idempotent semiring.
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Theorem 3.3 The following conditions are equivalent:

0} S is fully ordered k-idempotent;
(i) Ac (ZSASAS]foranyACS;
(iii) ae€ (XSaSaS]foranya€S.

Proof. (i)=(ii): Assume that S is fully ordered k-idempotent
and let A € S. Then A C J, . (4) = (2], (4)?]

= (Z(ZA + 2SA+2AS +3SAS] - (BA + ISA + TAS + ZSAS]]

C (Z(2A + ZSA + ZAS +3SAS)(ZA + 1SA + ZAS +31SAS)]
C (ZA2+ XASA+ TA%S + ZASAS + SA% + ZSASA + £SA%S + ZSASAS]
c (ZSASAS].

(if)=(iii): It is obvious.
(iif)=(i): Assume that (iii) holds and let J be an

ordered k-ideal of S. Clearly, (£/2] € (2] =J. On the other
hand, if x € J then x € (ZSxSxS] € (£S/S/S] < (2J?].So,] =

(ZJ?]. Therefore, S is fully ordered k-idempotent.
Now, we show that the concept of ordered k-ideals
and the concept of ordered k-interior ideals coincide in fully

ordered k-idempotent semirings.

Theorem 3.4 If S is fully ordered k-idempotent, then its ordered
k-ideals coincide with its ordered k-interior ideals.

Proof. Assume that S is a fully ordered k-idempotent semiring.
Since every ordered k-ideal is an ordered k-interior ideal, it is
sufficient to show that every ordered k-interior ideal is an
ordered k-ideal. Let I be an ordered k-interior ideal of S. Using

Theorem 3.2, we obtain that SI < (ZSSISSIS] < (2SIS] <

(2I1 = 1. Similarly, we can show that IS < I. Hence, I is an
ordered k-ideal of S.

Theorem 3.5 An ordered semiring S is fully ordered k-

idempotent if and only if I; NI, = (Z[;1,] for every two
ordered k-interior ideals I, I, of S.

Proof. Let I,, I, be ordered k-interior ideals of S. By Theorem
3.3, we have that I; and I, are ordered k-ideals of S. It follows

that (ELL] <€ EL] =1 and (2L1,] € (2] =I,. Thus,
(ZIL 1] € I, nI,. For the opposite inclusion, we have that
LnL=CUn L)Y N L) CEhLI,]. Hence, [ nl, =
(Ehl].

Conversely, let J be an ordered k-ideal of S. Since J

is an ordered k-interior ideal, ] = J nJ = (Z]J]] = (ZJ?].

4. Left and Right Ordered k-regular Semirings

In this section, we recall the notions of left and right
ordered k-regular semirings which defined by Patchakhieo and
Pibaljommee (2017) and give some their characterizations.

Definition 4.1 An ordered semiring S is said to be left ordered
k-regular (right ordered k-regular) if a € (Sa?] (a € (a?S])
foralla € S.
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We can also obtain that an ordered semiring S is said
to be left ordered k-regular (right ordered k-regular) if and

onlyif A € (ZSA%] (A < (ZA?S]) forall@ = AC S.

Theorem 4.2 The following conditions are equivalent:

(i S is left ordered k-regular;

(i) every left ordered k-ideal of S is a left ordered
k-regular subsemiring of S;

(iii) Lk (A) is a left ordered k-regular subsemiring
of Sforany A c S;

(iv)  Lg(a) is a left ordered k-regular subsemiring
of Sforanya € S.

Proof. (i)=(ii): Assume that S is left ordered k-regular and let
L be any left ordered k-ideal of S. If x € L then we obtain

x € (§x2] < (S(sz]x] C (Sx3] € (SLx?] < (Lx?].
This shows that L is left ordered k-regular.

(if)=(iii) and (iii)=>(iv) are obvious.
(iv)=(i): Assume that (iv) holds and let a € S. It

turns out a € (Lx(a)a?] < (Sa?]. Therefore, S is left ordered
k-regular.

As a duality of Theorem 4.2, we obtain the following
theorem.

Theorem 4.3 The following conditions are equivalent:
(i) S is right ordered k-regular;

(i)  every right ordered k-ideal of S is a right
ordered k-regular subsemiring of S;

(ili)  Rg(A) is a right ordered k-regular
subsemiring of S forany A € S;
(iv) Rg(a) is a right ordered k-regular

subsemiring of S forany a € S.

Definition 4.4 Let @ = T € S. Then T is said to be semiprime
if foranya € S,a? € T impliesa € T.

We note that @ = T < S is semiprime if and only if
forany @ # A< S, A2 c T impliesA C T.

Now, we give a characterization of an ordered
semiring which is both left and right ordered k-regular by its
ordered quasi k-ideals as follows.

Theorem 4.5 An ordered semiring S is both left and right
ordered k-regular if and only if every ordered quasi k-ideal of S
is semiprime.

Proof. Assume that S is left and right ordered k-regular. Let Q
be an ordered quasi k-ideal of S and let A be a nonempty subset

of Ssuch that A2 € Q. Then, we have that A € (£SA2]and A €

(ZA2S]. It follows that

A € (2542] n (2A2S] < (25Q] n (ZQS] < Q.

Therefore, Q is semiprime.
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Conversely, assume that every ordered quasi k-ideal
of S is semiprime. Let A € S. By Lemma 2.1, we have that

Qi(4?) = (242 + ZSA7 n (ZAZS]]. Since A% € Q(A2?) is
semiprime, A € Q(A?). Then, we obtain that

ACQ,(42) = (2A2 +(@sAf] n (ZAZS]] c (ZAZ + (ESAZ]]

c (@A + ZSAZ]] = (Z4? + £547] and

ACQ,(42) = (2A2 +(@sAf] n (ZAZS]] c (ZAZ + (EAZS]]

c (@A + ZAZS]] = (ZA? + £A%S].

In case of A € (ZA?% + ZSAZ?], we obtain that

$A% = $AA C SA(ZA? + 35A?] € 3(343 + $ASA?]
C X(ZA3 + 2SA%] < (3SA? + 3542] = (ZSAZ].

Thus, 4 € (ZA? + £542] € ((ZSAZ] + ZSAZ] c ((ESAZ ¥ ESAZ]]
= (2SA?%]. Incase of A € (ZA? + TA2S], we can prove similarly

and so we get that A < (ZA2S]. Therefore, S is left and right
ordered k-regular.

5. Completely Ordered k-regular Semirings

In this section, we introduce the notion of completely
ordered k-regular semirings, study some of their properties and
give some of their characterizations.

Definition 5.1 An ordered semiring S is called completely
ordered k-regular if S is ordered k-regular, left ordered k-
regular and right ordered k-regular.

Example 5.2 Consider the set of all natural numbers N together
with the operations max and min and the natural ordered
relation <. It is easy to see that (N, max, min, <) forms a
completely ordered k-regular semiring.

We know that every regular ordered semiring is an
ordered k-regular semiring, every left regular ordered semiring
is a left ordered k-regular semiring and every right regular
ordered semiring is a right ordered k-regular semiring. These
mean that every completely regular ordered semiring is a
completely ordered k-regular semiring.

We now show that there is a completely ordered k-
regular semiring which is not completely regular as the
following example.

Example 5.3 Let S = {a, b, c,d}. Define a binary operation
+bya+x=x=x+a, b+x=b=x+b for all x €S,
c+c=cand c+d=c+d=d=d+d. Define a binary
operation-byx-a=x-c=a,x-d=dforallxeS,y-b=
d for all y € S\{b} and b - b = b. Define a binary relation <
on S by <:= {(a,a), (b, b), (c,c),(d,d),(a,d),(b,d),(c,d)}
Then (S, +,, <) isan additively commutative ordered semiring.
Obviously, a, b and d are regular, left regular and right regular.
However, we have that ¢ € (cSc] = {a} and so c is not regular.
It leads that S is not regular and thus S is not completely regular.
Since a, b, d are regular, right regular and left regular,
we can obtain that a, b, d are ordered k-regular, left ordered k-

regular and right ordered k-regular. Moreover, we have that ¢ €

(cScl ={a,c}, c€(c?S] =S and ¢ € (Sc?] ={a,c}. This
shows that S is completely ordered k-regular.

In consequence of Example 5.3, we can conclude
that the concept of a completely ordered k-regular semiring is a
generalization of the concept of a completely regular ordered
semiring.

Here, we give some characterizations of completely
ordered k-regular semirings.

Lemma 5.4 The following conditions are equivalent:

(i)  Siscompletely ordered k-regular;
(i) Ac (ZA%2SA?])foreveryAC S;
(iii) a € (a?Sa?]foreverya € S.

Proof. (i)=(ii): Assume that S is completely ordered k-regular
and let A € S. We obtain that A < (£ASA], A < (£A2S] and

A S (ZSAZ?]. It follows that

A c (ZASA] (z(zAZS] S(ZSAZ]]

c (():AZSAZ]] = (ZAZSA2].
(ii)=>(iii) and (iii)=(i) are obvious.

Theorem 5.5 An ordered semiring S is completely ordered k-
regular if and only if every ordered quasi k-ideal of S is a
completely ordered k-regular subsemiring of S.

Proof. Assume that S is completely ordered k-regular and let Q
be an ordered quasi k-ideal of S. Let A < Q. Using Lemma 5.4,
we obtain that

A C (ZA2SA?] € (ZA(ZAZS]S(ZSAZ]A]

c ((2A35]5(25A3]] c ((>:A35A3]]
= (243543] € (3A2QSQA?] € (3A2QA?].

Using Lemma 5.4 again, we obtain that Q is
completely ordered k-regular. The converse is clear, since S
itself is an ordered quasi k-ideal.

Using the fact that ordered quasi k-ideals and ordered
k-bi-ideals of ordered k-regular semirings coincide and
Theorem 5.5, we can obtain the following corollary.

Corollary 5.6 An ordered semiring S is completely ordered k-
regular if and only if every ordered k-bi-ideal of S is a
completely ordered k-regular subsemiring of S.

Theorem 5.7 An ordered semiring S is completely ordered k-
regular if and only if every ordered k-bi-ideal of S is semiprime.

Proof. Since S is completely ordered k-regular, S is ordered k-
regular. So, every ordered quasi k-ideal and every ordered k-bi-
ideal of S coincide (Palakawong na Ayutthaya & Pibaljommee,
2017). Using Theorem 4.5, we obtain that every ordered k-bi-
ideal of S is also semiprime.
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Conversely, let ® = A € S. We claim that (£4A254?]
is an ordered k-bi-ideal of S. Since £A2SA? is closed under

addition, (£A2S5A?] is also closed. Furthermore, we get that

(ZA2SA?] - (ZA?SA?] € (Z(ZA2SA?)(ZA2SA?)] <
(ZA2SA*SA?)] € (ZA2SA?).

Now, (ZA2SA?] is a subsemiring of S. We consider
(ZA2542]S(2A%25A%] € (£A2S]S(2SA?] <
(ZA25S] - (ZSA?] c (2A%S] - (ZSA?] c
(E(ZA2S)(25A2)] € (ZA25A2)]
and (ZA2SA2] = (ZA%2S5A2]. Hence, (ZA2SA?] is an ordered k-
bi-ideal of S. We have that A® = A24%*A% c A%2SA? c
YA%SA? C (ZA2SAZ). By assumption, (ZA2SA2] is semiprime.
This implies A* € (2A2SA42%] and A% € (2A2SA2] and hence
A C (ZA2SA?]. Therefore, S is completely ordered k-regular by
Lemma 5.4.
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