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ABSTRACT
A code based on predictor - corrector 2-point block of Backward Differentiation

Formulas using variable step size is developed for solving second order Ordinary
Differential Equations (ODEs). The new method solved the second order differential
equations directly without reduction to its first order differential equations. Further,
the new method allows the differentiation coefficients to be stored and thus avoiding
the coefficients to be calculated at each step but robust enough to allow for step size
variation. Computational advantages are presented comparing the results obtained by
the new method with solver ode15s and ode23s in MATLAB. Numerical results prove
that the new developed method is reliable and efficient.
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1. INTRODUCTION
In this paper, a 2-point block of

Backward Differentiation Formulas
(BBDF2) is developed for solvingstiff initial
value problems (IVPs) for second order
Ordinary Differential Equations(ODEs) of
the form

(1)

Such systems often occur in mechanical
systems without dissipation, satellite
tracking and celestial mechanics [1]. Many
problems of the form (1) are solved by

reducing it to an equivalent system of first
order equations and then solved it using
first order method. These reductions to
first order methods involve overhead
which are computationally expensive in
terms of execution times and total number
of steps used. Block method for numerical
solution of (1) directly, had been proposed
by several researchers such as [1,2, 4-6].
A 2-point and 3-point explicit block
methods for solving higher order ODEs
directly are described in [6]. Two point
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block method designed for two processors
for solving directly non stiff large system
of higher order ODEs has been developed
by  [5].

The general theory of block method
for solving (1) is given in [1]. A block
method will compute a set of new
approximations simultaneously at several
distinct points on the x-axis in the block.
Though there has been much effort and
research on solving second order
differential equations of the form (1)
directly, not much attention is given on
solving stiff second order differential
equations directly. Most of the work is
focused on solving nonstiff second order
differential equations. Hence, the purpose
of this paper is to develop a variable
step size block differentiation method
known as 2-point block of Backward
Differentiation Formulas (BBDF2) method
for solving Eq. (1) which are stiff  i.e.
equations with widely separated time
constants. These type of equations are
encountered in many areas of applied
mathematics e.g. in reactor calculations,
circuit analysis and chemical kinetics. The
problem in (1) is said to be stiff whenever
the eigen values λi are  such that Re λi < 0
and maxi|Re λi|>> mini|Re λi|.

When solving (1) numerically, the
focus will be on achieving high accuracy
with reduction in the computational
cost. These are done by storing all the
differentiation coefficients in order to
prevent repetitive computations of the
differentiation coefficients, apart from the
advantage of the direct method in not
enlarging the second order system. In the
following section, the general theory on
backward differentiation formulas is sum-
marized briefly. Section 3 discussed the
computations of the coefficients of the new
method and the implementation of the

method using Newton Iteration. Finally,
in Section 4, numerical tests on second
order differential equations which are stiff
are performed.

2. GENERAL THEORY ON BACKWARD
DIFFERENTIATION  FORMULAS

The Backward Differentiation Formula
(BDF) is an implicit multistep method
which is based on interpolating the solution
points yn+1-i rather than the derivatives
y′n+1-i =f (tn+1-i, yn+1-i) where i = 1,..., k.

The BDF formula is obtained by
considering the kth degree polynomial Pk+1
which satisfiesthe conditions:

Pk+1(tn+1-i) = yn+1-i (2a)

P′k+1(tn+1) = f (tn+1, yn+1) (2b)

Equation (2b) can be expressed by

(3)

which is known as the corrector BDF with
order k. αk and Equation (3) is explicit in
the solution yn-k  since it uses only the past
values yn , yn-1, yn-2,..., yn-k, but is implicit in
the one derivative, dyn+1/dt. The predictor–
corrector scheme for a BDF method has
the form:

Predict (P): 

Evaluate (E): 

Correct (C):=

Evaluate (E):  y′n+1 = f (tn+1, yn+1)
with .  The global error of the
method at a given time tn

en = y(tn) - yn
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3. FORMULATION OF 2-POINT BLOCK BACK-
WARD DIFFERENTIATION FORMULAS (BBDF2)

In this section, we shall derive the
coefficients for the BBDF2 method to
approximate the values for yn+1 and yn+2 at
step tn+1 and tn+2 simultaneously. We use yn
to denote the generated approximation to
the solution y(t) at t = tn and the evaluation
offat (tn ,yn), is denoted by f(tn ,yn). The
derivation of the coefficients for the Direct

Differentiation method  is based on the
derivation introduced in [8,9].

(i) The interval [a,b] is divided into series
of blocks with each block containing
two points. In Figure 1, two new
values of yn+1 and yn+2 are computed
simultaneously in a block using the
same back values.

Figure 1. 2-point block method.

From Figure 1, the computed block has
step size h and the previous block has step
size rh where r is the step size ratio for
variable step size implementation.
(ii) For the BBDF2, the values considered

were r = 1, r = 2, and r = 5/8 which
corresponds respectively to constant
step size, half the step size and
increment of the step size by a factor
of 1.6, i.e. r = 5/8. We do not consider
doubling the step size, i.e. r = 0.5 due
to zero instability.

(iii) For the corrector formulas, consider
the Lagrange polynomial corres-
ponding to the set of interpolation
points {tn-2,...,tn+2} with s = t - tn+1/h or
t = tn+1 + sh. Let Pk,n be the interpolating
polynomial of degree k-1 interpolating

f at points (tn , fn), (tn-1, fn-1),..., (tn-k+1,
 fn-k+1). The formula is obtained by
replacing  f  in (1) with the polynomial
Pk+1,n+1.

(iv) The polynomial is then differentiated
twice at t = tn+1. The coefficients for
yn+1 are obtained by substitutings = 0.

(v) Similarly, the coefficients for the
second point, yn+2 is obtained by
differentiating twice the resulting
Lagrange polynomial at t = tn+2 and
substituting s = 1 with various step
ratio r  = 1, 2,  and r = 5/8 .

The corresponding pairs of formulas
of BBDF2 with constant step size (r = 1),
halved the step size (r = 2) and increasing
the step size by 1.6 h are as follows:

for r = 1

(3)

    tn-2 tn-1 tn tn+1 tn+2
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for r = 2

(4)

for r = 5/8

(5)

Note that the approximation to yn+1 is
computed using past values yn-2, yn-1 and yn
as well as predicted value for fn+1 and future
value yn+2. For this reason, we say that the
formulas are fully implicit. Another
characteristic feature of the BBDF2 is that
each application of the formulas generates
a block of m new solution values along the
t axis on each step and hence each block is
considered as a unit calculation. The general
k-order BBDF2 for solving problem (1) in
general form is

where αi,βi,γi are the coefficients of the
method in (3), (4) and (5).

3.1 Implementation of the Method
In this section, we derive the iteration

process by applying Newton-type iteration
to the direct differentiation methods. The
notation i is introduced for specifying
the iteration. Therefore,  will denote

the it iterative value of yn+1 and  =

 −  will denote the difference
between the ith and (i+1)th iterative values
of yn+1.

First point formula in equation (3) can be
written as

(6)

(7)

where Gn1 are the back values.

Subtract the equation in (6) from (7), we
have

      (8)

Similar process apply to the second point
formula in equation (3) which give the
following

(9)

(8) and (9) can be written in matrix for

(10)

Next, the Newton iteration for the third
point in the formula are derived using the
first principle, which is by Taylor
expansion.



506 Chiang Mai J. Sci. 2012; 39(3)



Chiang Mai J. Sci. 2012; 39(3) 507

3.2 Step Size Selection
In order to control the global error, a

step size is selected in such a way that the
global error increment is approximately of
the size of a given tolerance TOL. On any
given step, the user will imposed an error
tolerance limit, TOL at each step.
Following the discussion in [7], an
estimation of local truncation error is
obtained by comparing the derived
corrector formula of order (k+1) at second
point, and the corrector formula of order
k. Let LTE be the estimate of local
truncation error at the second point in the
block. Then, we have

 (17)

where  is the (k+1)th order method

and  is the kth order method. Let kold

and hnew denote the current step size and
the next step size to be used respectively.
The step size adjustment is controlled in
the following way:
(i) To check the success of a step the

estimated error is checked against a
given tolerance. If ||LTE||<TOL, the
required accuracy has been obtained.
Therefore, the approximate solution
yn+1,yn+2 at tn+1,tn+2 is accepted and the
step is considered successful. Then, the
next step size is increased by 1.6 to gain
computation speed, i.e. r is 5/8. The step

size increment is given by
     hnew = chold (TOL/LTE)1/p +1

and if hnew ≥ σhold then hnew = σhold where
c is the safety factor such that 0 < c < 1, p
is the order of the method, hold is the
step size from previous block and
σ = (TOL/LTE)1/p +1. The safety factor c
is to reduce the number of failure step.

(ii) If ||LTE||≥TOL, the step is considered
fail since the required accuracy is not
obtained. The approximate solution
yn+1,yn+2 at tn+1,tn+2 is rejected and the
step is repeated with decrease step size,
in our code this is done by halving the
current step size. In this case, the step
ratio r is 2.

4. PROBLEM TESTED
In this section, we solved several model

problems to validate the efficiency of the
new  direct differentiation method. The
results are compared with the differential
equations solver in Matlab. These codes are
ode15s: Variable order solver based on

Backward Differentiation For-
mulas, BDFs (Gear’s method).

ode23s: Based on a Modified Rosenbrock
formula of order 2.

Problem: Harmonic oscillator in circuit
theory (RLC circuits) and in physics of
particles

my″+ Kd y′+ Ks y = 0
m = mass, Ks  = spring constant, Kd =

The following computations is carried out to obtain the approximations:
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coefficient damping. Associated first order system is

The ode15s, ode23s and BBDF2 code were applied to the following test problems.

The test set was solved with tolerances
10−2, 10−4 and 10−6. The comparison
between the direct method and reduction
method in terms of maximum error and
total number of integration steps are
tabulated for  the two problems in Table 1
and 2. The following notations are used in
Table 1 and 2:
ode15s: Approximate solution using

variable order solver based on
Backward Differentiation For-
mulas, BDFs (Gear’s method).

ode23s: Approximate solution based on a
Modified Rosenbrock formula of
order 2.

BBDF2: Approximate solution using
BBDF2

TOL: Tolerance
TS: Total number of steps to complete

the integration in a given range.
MXE: Magnitude of the maximum error

of the computed solution.

The evaluation of the error at the grid
point for each component is defined as



Chiang Mai J. Sci. 2012; 39(3) 509

where
yi : the approximate solution
y(ti) : the exact solution at ti
ω = 1, μ = 0: absolute error test
ω = 1, μ = 1: mixed error test
ω = 0, μ = 1: relative error test

The maximum error is defined as follows

MAXE = max1≤i≤SSTEP (max1≤ n≤N (ei)n)
where N is the number of equations in the
system and SSTEP is the total number of
successful steps. The code is written in C
programming language and executed on
Intel Pentium IV processor.The tables
below give the numerical results for
problem 1 and 2.

Table 1. Comparison between ode15s, ode 23s and DBBDF methods for solving
Problem 1.

TOL Method  TS MXE
ode15s 82 3.3906E+00

10-2 ode23s 49 2.3708E+00
BBDF2 40 2.4753E-03
ode15s 143 0.0512E+00

10-4 ode23s 169 0.1183E+00
BBDF2 79 1.6352E-04
ode15s 253 4.6632E-04

10-6 ode23s 720 0.0056E+00
BBDF2 205 8.1226E-06
ode15s 472 1.5202E-05

10-8 ode23s 3266 2.5880E-04
BBDF2 577 3.4128E-07

Table 2. Comparison between ode15s, ode 23s and DBBDF methods for solving
Problem 2.

TOL Method  TS MXE
ode15s 34 0.0601E+00

10-2 ode23s 23 0.0305E+00
BBDF2 27 2.97862E-03
ode15s 72 0.0011E+00

10-4 ode23s 75 0.0014E+00
BBDF2 58 2.00190E-04
ode15s 136 1.8709E-05

10-6 ode23s 326 6.5386E-05
BBDF2 152 6.99359E-06
ode15s 256 2.1855E-07

10-8 ode23s 1495 3.0307E-06
BBDF2 421 2.50427E-07
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The numerical results presented in
Table 1-2 clearly indicate it is obvious
that for all tolerance, the method BBDF2
required less number of total steps
compared to ode15s and ode23s when
solving the same problems.These results are
expected since the BBDF2 method would
approximate the solution at two points
simultaneously. It is observed that the
accuracy is either maintained or better
when using BBDF2.

5. CONCLUSION
In this paper, we have developed a

code of variable step size based on
predictor - corrector 2-point block
Backward Differentiation Formulas which
can be applied to any stiff second order
differential equations. The formulas
representation reduces the computational
cost since the coefficients of the methods
need not be recomputed at every step when
the stepsize varying. We have shown the
efficiency of the developed direct block
method in terms of total steps and
improving the accuracy over the reduction
to first order method for solving second
order differential equations.
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