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A code based on predictor - corrector 2-point block of Backward Differentiation

Formulas using variable step size is developed for solving second order Ordinary
Differential Equations (ODEs). The new method solved the second order differential
equations directly without reduction to its first order differential equations. Further,
the new method allows the differentiation coefficients to be stored and thus avoiding
the coefficients to be calculated at each step but robust enough to allow for step size
variation. Computational advantages are presented comparing the results obtained by
the new method with solver ode15s and ode23s in MATLAB. Numerical results prove

that the new developed method is reliable and efficient.
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1.INTRODUCTION

In this paper, a 2-point block of
Backward Differentiation Formulas
(BBDF2) is developed for solvingstiff initial
value problems (IVPs) for second order
Ordinary Differential Equations(ODEs) of
the form

y"' = f(&,5)t € [ty tendl
=70yt =ys "

Ylo) =Yoo, Y o) =V o
Such systems often occur in mechanical
systems without dissipation, satellite
tracking and celestial mechanics [1]. Many
problems of the form (1) are solved by

reducing it to an equivalent system of first
order equations and then solved it using
first order method. These reductions to
first order methods involve overhead
which are computationally expensive in
terms of execution times and total number
of steps used. Block method for numerical
solution of (1) directly, had been proposed
by several researchers such as [1,2, 4-6].
A 2-point and 3-point explicit block
methods for solving higher order ODEs
directly are described in [6]. Two point
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block method designed for two processors
for solving directly non stiff large system
of higher order ODE:s has been developed
by [5].

The general theory of block method
for solving (1) is given in [1]. A block
method will compute a set of new
approximations simultaneously at several
distinct points on the x-axis in the block.
Though there has been much effort and
research on solving second order
differential equations of the form (1)
directly, not much attention is given on
solving stiff second order differential
equations directly. Most of the work is
focused on solving nonstiff second order
differential equations. Hence, the purpose
of this paper is to develop a variable
step size block differentiation method
known as 2-point block of Backward
Differentiation Formulas (BBDF2) method
for solving Eq. (1) which are stiff ‘e
equations with widely separated time
constants. These type of equations are
encountered in many areas of applied
mathematics e.g. in reactor calculations,
circuit analysis and chemical kinetics. The
problem in (1) is said to be stiff whenever
the eigen values A are such that ReA <0
and max |Re 4| >> min |Re A4 |.

When solving (1) numerically, the
focus will be on achieving high accuracy
with reduction in the computational
cost. These are done by storing all the
differentiation coefficients in order to
prevent repetitive computations of the
differentiation coefficients, apart from the
advantage of the direct method in not
enlarging the second order system. In the
following section, the general theory on
backward differentiation formulas is sum-
marized briefly. Section 3 discussed the
computations of the coefficients of the new
method and the implementation of the
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method using Newton Iteration. Finally,
in Section 4, numerical tests on second
order differential equations which are stiff
are performed.

2. GENERAL THEORY ON BACKWARD
DIFFERENTIATION FORMULAS

The Backward Differentiation Formula
(BDF) is an implicit multistep method
which is based on interpolating the solution
points y . . rather than the derivatives
V.=, . y.,.,) where i = 1,.., k.

The BDF formula is obtained by
considering the Ath degree polynomial P_
which satisfiesthe conditions:

P

(1

- yn+l—i

n+1-i)

P,k+1(tn+]) = f(tn+1’ yn+1)

Equation (2b) can be expressed by

k

Yn+1 = _Z ali—i)’n+1—i + hoBif (st Ynet) (3)

i=1

which is known as the corrector BDF with
order k. o, and Equation (3) is explicit in
the solution y  since it uses only the past
values y ,y .,V ...,y , butisimplicit in
the one derivative, dy , /dt. The predictor-
corrector scheme for a BDF method has
the form:

Predict (P): yffﬂ = - f:l a,f_iyn+1—i
EValuate (E): y’n+1 = f(tn+1l y7§)+1)

Correct (C):=Yn+1Vps1 — ,Z{'{=1 T~ Yn+1-i
+ haBiy'n+a

Evaluate (E): ', =f(t ., »,.)
with @ = a® — aP. The global error of the
method at a given time ¢,

e =y(t)-y,
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3. FORMULATION OF 2-POINT BLOCK BACK-
WARD DIFFERENTIATION FORMULAS (BBDF2)

In this section, we shall derive the
coefficients for the BBDF2 method to
approximate the values for y . and y  at
step ¢, and ¢ simultaneously. We use y,
to denote the generated approximation to
the solution y(7) at = ¢ and the evaluation
offat (¢ ,y ), is denoted by f(¢ .y ). The

derivation of the coefficients for the Direct
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Differentiation method 1s based on the
derivation introduced in [8,9].

() The interval [4,5] is divided into series
of blocks with each block containing
two points. In Figure 1, two new
values of y  and y , are computed
simultaneously in a block using the
same back values.

h

t

n-2 3

n-1

Figure 1. 2-point block method.

From Figure 1, the computed block has
step size /1 and the previous block has step
size rh where r is the step size ratio for
variable step size implementation.

(i) For the BBDF2, the values considered
were v = 1,7 = 2, and » = 5/8 which
corresponds respectively to constant
step size, half the step size and
increment of the step size by a factor
of 1.6, i.e. r = 5/8. We do not consider
doubling the step size, i.e. » = 0.5 due
to zero instability.

(i) For the corrector formulas, consider
the Lagrange polynomial corres-
ponding to the set of interpolation
points {¢ ...t .} withs =¢-¢ /hor
t=t  +sh Let P_ betheinterpolating
polynomial of degree k-1 interpolating

rh rh | | \
— — !
t -

n

/L t I

n+1 n+2

Sfat points (¢t , f), (¢, [, Dsees (2,15
f+.))- The formula is obtained by
replacing f in (1) with the polynomial
k+17n+1°

The polynomial is then differentiated
twice at t = ¢ . The coefficients for
,., are obtained by substitutings = 0.
Similarly, the coefficients for the
second point, y ., is obtained by
differentiating twice the resulting
Lagrange polynomial at # = ¢  and
substituting s = 1 with various step
ratior = 1,2, andr = 5/8.

The corresponding pairs of formulas
of BBDF2 with constant step size (r = 1),
halved the step size (r = 2) and increasing
the step size by 1.6 & are as follows:

forr=1

hr _ 1 1 3 5 1
Yon+1 = _Eyn—2+zyn—1_Eyn+gyn+l+1yn+2

' 1 4 25
hyn+2 = Zyn—Z _Eyn—l + 3yn _4yn+1 +Eyn+2

1 1 3
Ynt1 = _%yn—Z +Eyn—1 +Byn+5yn+2
_ 11 +8 114 104
Y2 = 35yn—2 5yn—1 35 /n | 35 Y n+2

®)
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forr=2
by = 5 15 8 5
Yon+1 = _80yn—2 + 48yn—1 - 16yn + 15yn+1 + 16yn+2
by = 1 3 16 23
yn+2__30yn—2_4yn—1+2yn_5yn+1+12yn+2
5 15 115 15 o
Ynr1 = " i Vn2 T 5 Yn1 T 3500 aym ~ 2 “
1 5 51 3 5
yn+2__2_0yn—2+ayn—l y + yn+2+;h fn+2
for r=15/8
208 3072 117 279 3
hv' _ _ 208 3072 _ 17 279 3
y n+1 825 Yn-2 2275)’ n-1 50 Yn + yn+1 + 14 Vn+2
224- 2048 273 14-
hy' =
Y2 = " eVn—2t T V1t 55 Vn T Vnir t 14yn+2 5
512 12288 819 723 117 5
=512 12288 _ 89 17 p2
Vn+1 2125 Yn-2 14875 Yn-1 4250 Yn 1190 o Yn+2 — 170 fn+1
_ 70784 96256 125853 9086 + 273 hzf
Yni2 = T oee Yn-2 T 52 Yn-1 T o0 Yn T 55 Yns2 n+2

Note that the approximation to y,  is
computed using past valuesy ,y andy,
as well as predicted value for f and future
value y . For this reason, we say that the
formulas are fully implicit. Another
characteristic feature of the BBDF2 is that
each application of the formulas generates
a block of m new solution values along the
t axis on each step and hence each block is
considered as a unit calculation. The general
k-order BBDF?2 for solving problem (1) in
general form is

k k k
Zajyn+j = hZﬁj}"nﬂ- + hZZyj fr+j
j=0 j=0 Jj=0
where a,f,y, are the coefficients of the
method in (3), (4) and (5).

3.1 Implementation of the Method

In this section, we derive the iteration
process by applying Newton-type iteration
to the direct differentiation methods. The

notation 7 is introduced for specifying

(l+1)

the iteration. Therefore, A, will denote

the i iterative value of y and (’:11) =
yfll:ll) y(i will denote the difference

between the i and (i+1)? iterative values
of y

n+l*

First point formula in equation (3) can be
written as

/(L)
Tl+1

31y(l) +.32y(l) + Gpy ©®)

I(L+1)
YV n+1

= By + By + Gy ()
where G | are the back values.

Subtract the equation in (6) from (7), we
have

I(L+1)
n+1

,31 (L+1) +,32€(L+1) (8)

n+2

Similar process apply to the second point
formula in equation (3) which give the
following

he (i+1) _ ﬁl

n+1 el + B 37(11:21) ©)

n+1

(8) and (9) can be written in matrix for

B = [€’n+1](l+1) B ] [en+1 (Hl)
€'niz i, e”+2

Next, the Newton iteration for the third

point in the formula are derived using the

first principle, which is by Taylor

expansion.
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v = 0,y a2 4Dy, (1)

n n

P = 0+ ahf (7Y I) + Dn12)

Substitute y,?:ll) = y,(lijl + e,(lifll) and y'(i+1) = y'gll + ¢ Vinto (12). Thus,

n+1 n+1

yrEl-I?l + er(tl-:-ll) =0, (3’151-22 + 67(11:21)) +a h*f (yr(Ll-Bl + er(ll-:-ll)’ylgll-)l-l + 915::11)) + Dp1(13)

Expanding f (J’r(121 + e,(lijll), y’ffil + e';i:ll )) in (13) by Taylor expansion, will generate

01 (Yr(llzz + eéile)) + a h? [f (J’r(ligvy',(fil) + (ZJJ:LT::) er(li:f) + (%) e’g:-rll)] + Dy, (14)

Substitute (8)into (14), and do some simplifications yield

af +1 afn+1 (i+1) 0fn+1 (i+1)
1—ah2(L>—aﬁh e — 10, + a foh | —— || e
[ 1 ayn+1 1F1 ayln+1 n+1 1 1P2 ay1n+1 n+2
= _3’1521 + 9134(122 +ah*f (Yr(ll-zl'y,gL) + Dny (15)

Similarly, Newton iteration was applied to the point of y,,,, and gives the following

5 0fn+2 )] (i+1) [ 2 (afn+2) 5 (afn+2 )] (i+1)
- [92 + azﬁlh (ay,n+2 en+1 + 1-— (th m - azﬁzh ay,n+2 en+2

= _y1(122 + 923’7521 + ayh*f (y,ﬁ‘_ﬁz,y’,(jlz) + Dn2(16)

The corresponding linear system to be solved in matrix form is AE = B Generally,

Ofn+1 0fn+1 0fn+1
- (L) (L) g aypn ()
A= ! ayn+1 1'81 ay n+1 ! 1‘82 ay n+1l
5 afn+2 afn+2 5 afn+2
o — () e (U)o ()
2 2P 0y n+2 2 0Yn+2 2Pz 0y n+2

_yr(ll-al + 913’1(1[-22 +ah*f (yr(ll-al'yrll(-ll-)l) + Dpy

923’7&21 - )’1(122 + ah*f (Yé?zd’é@z) + Dz

E=[o]

B = and

(i+1)

in which aj, 9]-, Bj, E] are the coefficients of the formulas in equation (3),(4), and
(5).Calculate e’ Pand e’ Pfrom the value E as in equation (10).
Y(i+1) — Y(i) + E(i+1) and Y,(i+1) _ Yr(i) + E,(i+1)

Therefore n+1i,n+2 n+1,n+2 n+1i,n+2 n+i,n+2 = ‘n+in+2 n+1i,n+2
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The following computations is carried out to obtain the approximations:

(1) Compute Y,fi)lln +p and Y@

n+1n+2 using the predictor formula.

(i)  Solved E,E‘jfﬂl +2 and followed by E 'S:ll)n 4+, for the corresponding linear
system.

(iii)  Computed the corrected value of Y,E?Ln +2 and Y,;Sﬂln +p With Er(ll:llzl 4+ and
E ',(::f)n 4+ Tespectively.

3.2 Step Size Selection

In order to control the global error, a
step size is selected in such a way that the
global error increment is approximately of
the size of a given tolerance TOL. On any
given step, the user will imposed an error
tolerance limit, TOL at each step.
Following the discussion in [7], an
estimation of local truncation error is
obtained by comparing the derived
corrector formula of order (k+1) at second
point, and the corrector formula of order
k. Let LTE be the estimate of local
truncation error at the second point in the

block. Then, we have

(k+1) (k)

LTE=Yni2" = Y2 (17)

where ygfgl) is the (k+1)th order method

and yr(lli)z is the kth order method. Let £,

and & denote the current step size and

the next step size to be used respectively.

The step size adjustment is controlled in

the following way:

() To check the success of a step the
estimated error is checked against a
given tolerance. If |LTE| <TOL, the
required accuracy has been obtained.
Therefore, the approximate solution
V,.oV,,at t .t o is accepted and the
step is considered successful. Then, the
next step size is increased by 1.6 to gain
computation speed, i.e. ris 5/8. The step

size increment is given by
h = ch, (TOL/LTE)""
andith >oh thenh =oh  where
c is the safety factor such that 0<c < 1,p
is the order of the method, % ,,is the
step size from previous block and
0= (TOL/LTE)"7*!. The safety factor ¢
is to reduce the number of failure step.
(i) If ||LTE ||=TOL, the step is considered
fail since the required accuracy is not
obtained. The approximate solution
V.oV, at t .t o is rejected and the
step 1s repeated with decrease step size,
in our code this is done by halving the
current step size. In this case, the step
ratio 7 is 2.

4. PROBLEM TESTED

In this section, we solved several model
problems to validate the efficiency of the
new direct differentiation method. The
results are compared with the differential
equations solver in Matlab. These codes are

odel5s: Variable order solver based on
Backward Differentiation For-
mulas, BDFs (Gear’s method).

ode23s: Based on a Modified Rosenbrock

formula of order 2.

Problem: Harmonic oscillator in circuit
theory (RLC circuits) and in physics of
particles

my”"+ K y+ Ky =0
m = mass, K= spring constant, K, =
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coefficient damping. Associated first order system is

V1=,
Ks Kd

Va2 = —_J’1—;y2

m

The odel5s, ode23s and BBDF2 code were applied to the following test problems.

Problem 1:
y'" = —10000y — 100y'(18)

with initial values y(0) = —3, y'(0) = 0, and range of integration is 0 < t < 15.
Exact solution: y(t) = —e‘5°t[3cos(50\/§)t + \/§sin(50\/§)t]

Equation (18) when reduced to first order ODEs:  y', =y,

y', = —=10000y, — 100y,

with initial values y; (0) = —3, y,(0) = 0, and range of integrationis 0 < t < 15.

Exact solution:

y1(t) = —e5%[3cos(50V3)t + V3sin(50V3)t]

¥, (t) = 200V3e 5% sin(50v3)¢

Problem 2:
y'=-3y—4y'(19)

with initial values y(0) = 2,y @ = —12 and range of integrationis 0 < t < 15.

Exact solution: y(t) = —3e~¢ + 5e73¢

Equation (19) when reduced to first order ODEs: y; = Y,

with initial values y,(0) = 2,y,(0) = —12

Exact solution: y; (t) = —3e~¢ + 53¢
y,(t) = 3e~t —15e73¢

The test set was solved with tolerances
102, 10™* and 10°°. The comparison
between the direct method and reduction
method in terms of maximum error and
total number of integration steps are
tabulated for the two problems in Table 1
and 2. The following notations are used in
Table 1 and 2:
odel5s: Approximate solution using
variable order solver based on
Backward Differentiation For-
mulas, BDFs (Gear’s method).

ode23s: Approximate solution based on a
Modified Rosenbrock formula of
order 2.

Y2 = —3y1 — 4y,

BBDF2: Approximate solution using

BBDEF2
TOL: Tolerance
TS: Total number of steps to complete
the integration in a given range.
MXE: Magnitude of the maximum error

of the computed solution.

The evaluation of the error at the grid
point for each component is defined as

(yi)n - (y(ti))n
w+u(y)),

(e)n =
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where

y,: the approximate solution
¥(t): the exact solution at ¢,

® = 1, u = 0: absolute error test
® =1, u = 1: mixed error test
® =0, u = 1: relative error test

The maximum error is defined as follows
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MAXE = max, . ssrep (max,_ . (€),)
where N is the number of equations in the
system and SSTEP is the total number of
successful steps. The code is written in C
programming language and executed on
Intel Pentium IV processor.The tables
below give the numerical results for
problem 1 and 2.

Table 1. Comparison between odel5s, ode 23s and DBBDF methods for solving

Problem 1.
TOL Method TS MXE

odel5s 82 3.3906E +00

10?2 ode23s 49 2.3708E+00
BBDE2 40 2.4753E-03
odel5s 143 0.0512E+00

10+ ode23s 169 0.1183E+00
BBDEF2 79 1.6352E-04
odel5s 253 4.6632E-04

10° ode23s 720 0.0056E +00
BBDEF2 205 8.1226E-06
odel5s 472 1.5202E-05

108 ode23s 3266 2.5880E-04
BBDE2 577 3.4128E-07

Table 2. Comparison between odel5s, ode 23s and DBBDF methods for solving

Problem 2.
TOL Method TS MXE

odel5s 34 0.0601E+00

107 ode23s 23 0.0305E +00
BBDE2 27 2.97862E-03
odel5s 72 0.0011E+00

10+ ode23s 75 0.0014E +00
BBDE2 58 2.00190E-04
odel5s 136 1.8709E-05

10 ode23s 326 6.5386E-05
BBDEF2 152 6.99359E-06
odel5s 256 2.1855E-07

108 ode23s 1495 3.0307E-06
BBDEF2 421 2.50427E-07
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The numerical results presented in
Table 1-2 clearly indicate it is obvious
that for all tolerance, the method BBDF2
required less number of total steps
compared to odel5s and ode23s when
solving the same problems.These results are
expected since the BBDF2 method would
approximate the solution at two points
simultaneously. It is observed that the
accuracy is either maintained or better
when using BBDF2.

5. CONCLUSION

In this paper, we have developed a
code of variable step size based on
predictor - corrector 2-point block
Backward Differentiation Formulas which
can be applied to any stiff second order
differential equations. The formulas
representation reduces the computational
cost since the coefficients of the methods
need not be recomputed at every step when
the stepsize varying. We have shown the
efficiency of the developed direct block
method in terms of total steps and
improving the accuracy over the reduction
to first order method for solving second
order differential equations.
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